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PREFACE. 


IN  these  notes  an  attempt  is  made,  first,  to  give,  as  clearly  and 
concisely  as  possible,  the  principles  of  mechanical  motion  in  such  a 
manner  that  their  application  can  readily  be  made  to  any  mechanism 
for  determining  the  motion  of  any  of  its  parts;  then  to  show  the 
methods  of  dealing  with  such  problems  as  the  designer  meets  daily. 
Long  and  tedious  discussions  have  been  avoided  as  far  as  possible, 
it  is  hoped,  fully. 

Subjects  such  as  toothed  gearing  and  couplings  are  taken  up 
only  to  the  extent  of  the  forms  that  are  in  the  most  common  use. 
But  with  these  subjects,  as  well  as  all  others,  references  to  what  are 
believed  to  be  the  best  works  in  their  lines  are  given  frequently. 

All  available  works  on  the  subject  have  been  freely  consulted, 
but  in  no  case  has  any  matter  which  has  not  become  common 
property  by  its  frequent  publication  been  used  without  the  consent 
of  its  author. 

The  exceedingly  clear  and  concise  work  of  Prof.  Albert  W. 
Smith,  of  Stanford  University,  entitled  "Machine  Design,"  has 
been  of  most  valuable  assistance  throughout.  This  work  includes 
both  kinematics  and  mechanics.  To  Prof.  Smith,  especially,  the 
writer  would  acknowledge  his  obligations  and  express  his  thanks. 


MADISON,  WIB.,  November,  1897. 


FORREST  R.  JONES. 
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KINEMATICS   OF  MACHINERY. 


CHAPTER  I. 

GENERAL  PRINCIPLES  AND  DEFINITIONS. 
MOTION   OF   A   BODY. 

1.  When  a  body  moves,  there  must  always  be  another  body  with 
regard  to  which  the  motion  occurs.  Sometimes  the  statement  that 
the  movement  takes  place  is  all  that  is  necessary  to  define  it,  the 
conditions  being  such  that  the  reference  body  is  clearly  implied; 
but  at  other  times  a  more  specific  statement  is  required.  A  simple 
example  will  illustrate-:  When  a  boat  is  running  through  the  water 
at  the  rate  of  12  miles  an  hour  against  a  current  of  3  miles  an 
hour,  the  motion  is  clearly  12  miles  an  hour  relatively  to  the  water; 
but  when  referred  to  the  land  it  is  12  —  3  =  9  miles  an  hour. 

The  wheel  of  a  locomotive  furnishes  another  example :  As  the 
locomotive  passes  along  the  track,  the  wheel  simply  rotates  with 
regard  to  the  frame  of  the  engine;  but  when  referred  to  the  track, 
the  motion  is  a  combined  one  of  rotation  and  translation. 

An  examination  of  the  motion  of  the  piston  shows  a  somewhat 
similar  case:  Relatively  to  the  locomotive,  the  motion  is  recipro- 
cating, its  path  being  back  and  forth  from  end  to  end  of  the  cylin- 
der; but  the  motion  is  always  forward  with  regard  to  the  track 
when  the  locomotive  moves  forward,  and  vice  versa. 

A  body  entirely  free  to  move  may  have  motion  in  any  direction 
according  to  the  influences  brought  to  bear  upon  it.  In  order  for 
the  motion  to  be  a  useful  one,  it  must  be  constrained  to  such  an 
extent  that  it  will  fulfil  its  required  functions. 
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2.  The  three  principal  forms  of  constrained  motion  are  as  fol- 
lows: 

1st.  Plane  motion. — If  a  body  having  a  plane  surface  on  one 
side  is  placed  against  the  plane  surface  of  another  body  and  moved 
so  that  the  surfaces  always  remain  in  contact,  the  first  has  a  plane 
motion  relatively  to  the  second,  whatever  the  nature  of  the  motion 
otherwise. 

Thus,  if  a  book  is  placed  with  one  side  on  a  table  and  slipped 
about  without  lifting  its  side  from  the  table,  it  has  a  plane  motion, 
due  allowance  being  made  for  irregularities  of  the  surfaces. 

If  a  body  does  not  have  a  plane  side,  it  is  possible  to  give  it 
a  plane  motion  by  attaching  three  points  to  it  so  that  they  will  rest 
and  move  on  the  reference  plane,  or  by  attaching  it  rigidly  to  a 
rotating  shaft,  or  by  the  use  of  other  suitable  devices. 

In  general,  a  body  has  plane  motion  when  it  moves  so  that  a  plane 
can  be  passed  through  it  cutting  a  section  which  will  coincide  with  the 
cutting  plane  throughout  the  motion. 

Rectilinear  motion  occurs  when  every  point  in  a  body  moves  in 
a  straight  line. 

Rotary  motion  takes  place  when  every  point  in  a  body  moves  in 
a  circle. 

2d.  Helical  motion. — When  an  ordinary  screw  is  turned  about 
its  axis  so  as  to  pass  through  a  nut  with  which  it  engages,  it  has  a 
helical  motion  relatively  to  the  nut.  Every  point  in  the  screw,  ex- 
cept those  in  its  axis,  has  a  combined  motion  of  rotation  and  trans- 
lation, the  ratio  of  the  magnitudes  of  these  two  elementary  motions 
being  constant  for  any  point  in  or  attached  to  the  screw. 

3d.  Spherical  motion. — If  a  rigid  body  is  attached  to  another 
by  a  "  ball-and-socket "  joint  which  will  allow  it  to  move  in  any 
direction  about  the  centre  of  the  ball  and  socket,  then  every  point 
in  the  body  has  a  spherical  motion  when  the  body  is  moved  in  more 
than  one  direction  about  the  joint.  (Movement  about  the  centre 
in  one  direction  only  would  give  the  body  a  rotary  motion.) 

Spherical  motion  may  be  defii/ed  as  the  motion  of  a  body  mov- 
ing so  that  every  point  in  it  remains  at  a  constant  distance  from  a 
centre  of  motion,  but  does  not  remain  in  a  plane. 

3.  Relative  motion. — Two  bodies  are  said  to  have  the  same 
motion  when  they  can  be  rigidly  connected  together  during  the 
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motion  without  changing  it  in  any  way.  From  this  it  is  evident 
that— 

1st.  If  any  two  bodies  have  the  same  motion  relatively  to  any 
other,  they  have  no  relative  motion,  and  vice  versa. 

2d.  The  relative  motion  of  two  bodies  is  not  affected  by  any 
motion  common  to  both. 

Any  motion  of  a  body  can  be  resolved  into  two  simple  ones 

one  of  translation  and  one  of  rotation;  therefore,  if  two  Bodies 


y*r  ^ 


FIG.  1. 


have  the  same  motion,  both  can  have  their  motions  resolved  into 
equal  translations  and  equal  angular  rotations  about  the  same  aris. 

Illustration. — In  Fig.  1,  let  AB  and  CD  be  the  initial  positions 
of  two  bodies  having  the  same  motion,  the  final  positions  being 
A,B,  and  C,D}.  The  change  of  position  of  AB  can  be  accom- 
plished by  two  motions,  the  one  a  translation  from  AB  to  A'Bt ,  and 
the  other  a  rotation  about  an  axis  through  B},  passing  through  an 
angle  z  into  the  position  ^,Z?,. 

The  motion  of  CD  can  be  resolved  into  an  equal  and  similar 
translation  from  CD  to  C"D\  and  an  equal  rotation  z,  about,  the 
same  axis  through  Bt ,  into  the  position  C",/?,. 

(It  should  be  remembered  that  the  bodies  may  be  considered  as 
being  rigidly  fastened  together. ) 

When,  starting  from  given  positions,  the  (different)  motions  of 
two  bodies  are  known  with  regard  to  the  same  standard,  the  motion 
of  one  relatively  to  the  other  may  be  found  by  giving  both  the 
same  motion  of  such  a  nature  that  one  will  return  to  its  original 
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position;  then  the  difference  of  the  initial  and  final  positions  of 
the  other  will  be  its  motion  relatively  to  the  first. 

Illustration. — In  Fig.  2,  let  A  and  B  be  the  initial  positions  of 
two  bodies,  Al  and  Bl  being  their  final  positions  relatively  to  the 
same  standard  (in  this  case  the  paper).  Their  relative  motion  while 
thus  changing  their  positions,  is  found  by  giving  both  a  motion  the 
reverse  of  that  which  B  has  passed  through.  By  doing  this,  B  is 
brought  back  to  its  initial  position,  while  A  is  rotated  from  Al  to 
A'  and  then  translated  to  J,.  The  difference  between  the  posi- 


FIG.  2. 

tions  A  and  A^  is  the  motion  of  A  relatively  to  B  when  the  twa 
bodies  move  from  A  and  B  to  Al  and  /?,.  By  this  method  any 
number  of  equal  and  similar  motions  can  be  added  to  or  taken  from 
the  motions  of  two  bodies,  dealing  with  each  motion  successively. 

If  both  bodies  had  been  given  a  reverse  motion  equal  to  that  of 
A  (instead  of  that  of  B),  thus  bringing  A  back  to  its  original  posi- 
tion, the  motion  of  B  relatively  to  A  would  have  been  shown  to  be 
equal  and  opposite  to  that  of  A  relatively  to  B.  Hence  it  may  be 
stated  that  if  any  two  bodies,  A  and  B,  move  relatively  to  each 
other,  the  motion  of  B  relatively  to  A  is  the  same  as  that  of  A 
relatively  to  B,  but  of  opposite  sense.  This  is  true  under  all  con- 
ditions. 

Plane  Motion. 

4.  The  motion  of  a  point  relatively  to  a  line  is  determined  by  its 
motion  relatively  to  two  points  in  the  line.  This  assumes  that  the 
position  of  the  point  at  any  instant  is  located  by  its  distances  from 
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the  two  points  of  the  line,  there  being  no  other  way  to  locate  two 
points  relatively  to  each  other  when  no  auxiliary  plane  of  reference 
is  given. 

The  motion  of  a  line  relatively  to  another  line  in  the  same  plane 
is  determined  by  the  motion  of  any  two  points  of  the  one  relatively 
to  two  points  of  the  other.  This  depends  on  the  fact  that  the  posi- 
tions of  any  two  points  in  a  line  at  any  instant  determine  the  posi- 
tion of  the  line  at  that  instant.  It  is  evident  that  if  the  motion  of 
a  line  (or  two  points)  in  a  plane  body  moving  in  its  own  plane  or 
parallel  to  it  is  known,  the  motion  of  the  body  is  determined;  for, 
the  body  being  rigid,  all  points  in  it  have  the  same  motion;  also, 
any  point  in  the  body  can  be  located  at  any  instant  by  its  distance 
from  the  points  in  the  line. 

Although,  strictly  speaking,  a  point  is  not  positively  located  in 
a  plane  when  its  distances  from  two  points  in  the  line  of  the  plane 
are  known,  since  it  may  occupy  either  of  two  positions  on  opposite 
sides  of  the  line,  there  are,  in  the  constrained  motions  of  the  me- 
chanisms to  be  considered  later,  always  conditions  sufficient  to 
locate  the  point  definitely.  The  same  is  true  with  regard  to  bodies. 

5.  Instantaneous  motion  and  instantaneous  axis.  — When  a 
body  changes  its  position,  its  motion  at  any  instant  is  called  its 
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instantaneous  or  virtual  motion  for  that  instant.    (The  words  "  in- 
stantaneous "  and  "  virtual "  are  interchangeable  in  all  cases.) 

Take,  for  example,  a  locomotive  wheel  rolling  along  the  track 
as  the  engine  moves  forward.  For  an  instant  there  is  contact  be- 
tween the  wheel  and  track  along  a  line  at  A,  Fig.  3,  perpendicular  to 
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the  plane  of  the  wheel  and  paper.  Since  there  is  contact  along  a 
line  at  A,  which  thus  becomes  an  element  of  both  wheel  and  track, 
the  wheel  rotates  about  A  relatively  to  the  track  for  an  instant. 
This  is  the  instantaneous  motion  of  the  wheel  relatively  to  the  track. 
The  line  of  contact  at  A  is  the  instantaneous  or  virtual  axis. 

When  the  engine  has  moved  forward  a  distance  AB,  the  point 
B'  on  the  wheel  comes  in  contact  with  the  track  at  B,  and  at  that 
instant  the  wheel  rotates  about  B  as  an  instantaneous  axis.  During 
the  motion  of  the  wheel  from  the  first  to  the  second  position,  the 
instantaneous  axis  occupies,  at  each  instant,  a  different  position  on 
AB.  AB,  therefore,  contains  all  the  instantaneous  axes  for  the 
given  motion,  and,  for  this  reason,  is  called  the  axode  of  the  wheel 
relatively  to  the  track  for  the  given  motion. 

If,  instead  of  the  entire  wheel,  a  section  made  by  a  plane  per- 
pendicular to  its  axis. is  considered,  the  point  at  which  the  instan- 
taneous axis  pierces  it  is  called  the  instantaneous  centre  or  centre, 
and  the  locus  of  such  points  is  the  centrode. 

Now  suppose  that  the  wheel,  instead  of  simply  rolling  along  the 
track,  slips  so  that  it  makes  two  revolutions  while  passing,  at  a 
uniform  speed,  over  a  length  of  track  equal  to  its  circumference, 
the  rate  of  the  rotation  also  being  uniform.  Then  the  instantaneous 
axis  for  any  instant  evidently  does  not  lie  at  the  contact  line.  The 
motion  of  the  wheel,  since  it  turns  twice  as  rapidly  as  when  having 
a  purely  rolling  motion  on  the  track,  is  as  if  it  had  an  additional 
tread  of  half  the  diameter  of  the  first,  rolling  upon  a  rail  midway 
between  A  and  0  without  slipping  between  this  auxiliary  tread  and 
its  rail.  Hence  the  centre  would  be  midway  between  the  real  rail 
and  the  axis  of  the  wheel.  For  any  other  rate  of  slipping,  as  long 
as  the  rotation  is  more  rapid  than  required  for  a  purely  rolling 
motion  on  the  track  AS,  the  instantaneous  axis  will  be  at  some 
point  between  A  and  0,  on  a  line  joining  the  two  points.  If,  on 
the  contrary,  the  wheel  is  prevented  from  rotating  freely  by  a 
brake  applied  to  it  so  as  to  cause  partial  slipping  on  the  track,  the 
centro  will  still  lie  on  a  line  passing  through  A  and  0,  but  on  the 
side  of  A  opposite  0.  If  the  brake  completely  locks  the  wheel,  the 
instantaneous  axis  may  be  considered  as  at  an  infinite  distance  from 
0,  but  still  on  the  line  OA. 

The  centro  for  the  motion  of  the  track  relatively  to  the  wheel, 
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is  the  same  at  any  instant  as  that  of  the  wheel  relatively  to  the 
track.  This  assumes  the  wheel  as  standing  still  and  the  track  mov- 
ing. The  centrode  is  the  circle  bounding  the  plane  section  cut  fn.m 
the  wheel  by  the  plane  of  the  paper.  When  slipping  occurs,  making 
the  revolutions  twice  as  rapid  as  for  rolling  contact,  the  centrode 
becomes  a  circle  having  half  the  diameter  of  the  wheel  tread. 

6.  Location  of  centres  in  a  single  body. — When  a  rigid  body 
revolves  about  any  axis,  the  direction  of  motion  of  any  point  in  the 
body  is  perpendicular  to  the  line  drawn  from  the  point  and  normal 
to  the  axis  of  rotation.  Conversely,  the  axis  of  rotation  will  inter- 
sect a  line  drawn  normal  to  the  motion  of  any  point  in  the  body 
and  lying  in  the  plane  of  the  motion  of  the  point.  These  statements 
are  applicable  to  motion  about  both  permanent  and  instantaneous 
axes. 

If  the  directions  of  motion  of  any  two  points  lying  and  moving 
in  the  same  plane  are  known  at  any  instant,  the  centro  can  be 
found  by  drawing  through  each  point  a  line  perpendicular  to  the 
direction  of  its  motion.  Their  intersection  gives  the  centro.  Thus, 
in  Fig.  4,  A  and  B  are  any  two  points  lying  and  moving  in  the 


same  plane  at  any  instant,  in  the  direction  indicated  by  the  arrows. 
By  drawing  AO  perpendicular  to  the  direction  of  the  motion  of  A. 
and  BO  perpendicular  to  that  of  B,  their  intersection  at  0  is  the 
instantaneous  centre.  If  the  lines  through  A  and  B,  perpendicular 
to  their  directions  of  motion,  coincide,  there  can  be  no  intersection, 
and  the  centro  is  not  determined.  When  the  lines  are  parallel  but 
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not  coincident,  the  instantaneous  centre  is  at  an  infinite  distance, 
the  motion  of  the  body  being  translation  only. 

Having  found  the  centro,  the  direction  of  motion  of  any  point 
in  the  body,  as  C,  is  perpendicular  to  the  line  OC. 

If  the  points  A  and  B  are  the  projections  of  points  moving  in 
different  planes  parallel  to  the  paper,  then  0  is  the  projection  of  the 
instantaneous  axis,  which,  of  course,  is  perpendicular  to  the  paper. 

7.  Notation. — The  centro  of  two  bodies,  as  A  and  B,  moving 
relatively  to  each  other  will  be  indicated  by  ab  or  ba,  both  meaning 
exactly  the   same.     Either   may  be   read   "the  centro"  or  "the 
virtual  (or  instantaneous)  centre"  of  A  relatively  to  B,  or  "the 
centro  "  or  <(  the  virtual  (or  instantaneous)  centre"  of  B  relatively  to 
A.     The  order  of  the  letters  is  of  no  consequence.     It  should  be 
remembered  that  the  centro  of  A  relatively  to  B  is  the  same  as  that 
of  B  relatively  to  A. 

The  centro  of  A  and  C  is  ac  or  ca;  of  B  and  C,  be  or  cb. 

8.  Positions  of  centres  in  three  bodies. — In  Fig.  5,  A,  B,  and 
C  are  three  bodies  moving  in  the  same  plane.     It  is  desired  to  show 


FIG.  5. 

that  the  three  centros  lie  in  the  same  straight  line.  Since,  if  any 
number  of  bodies  have  the  same  motion  added  to  or  subtracted 
from  them,  their  relative  motion  remains  the  same,  two  proofs  will 
be  given,  one  considering  B  as  stationary,  and  the  other  for  A 
stationary. 

1st  proof. — B  is  assumed  as  stationary  and  ab  and  ac  are  given 
in  location;  they  may  be  either  permanent  centres  or  centros.     Since 
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ab  is  stationary,  the  only  motion  A  can  have  is  that  of  rotation 
about  ab.  At  the  same  time  that  A  is  rotating  about  ab,  C  must 
rotate  about  ac  relatively  to  A,  this  being  the  only  motion  thai  (' 
can  have.  As  C  rotates  about  ac,  every  point  in  C,  except  those  on  a 
straight  line  passing  through  ac  and  ab,  changes  its  distance  from 
ab,  and  therefore  cannot  be  stationary,  as  be  must  be  since  it  is  a 
point  in  the  stationary  body  B.  Therefore  be  must  lie  on  the 
straight  line  passing  through  ab  and  ac. 

2 d  proof . — A  is  taken  as  stationary  while  ab  and  ac  are  known 
in  location  as  before,  and  are  also  stationary.  Every  point  in  B 
moves  perpendicular  to  the  radial  line  passing  through  it  and  ab', 
.also,  every  point  in  C  moves  perpendicular  to  the  radial  line  passing 
through  it  and  ac.  Therefore,  for  any  point  in  B  and  one  in  C  to 
have  the  same  motion,  both  points  must  move  at  right  angles  to 
both  radial  lines.  This  requires  the  lines  to  be  either  parallel  or 
coincident.  They  cannot  be  parallel,  for  they  must  pass  through 
the  same  point  be,  but  must  coincide.  Since  they  coincide,  both 
must  pass  through  ab  and  ac.  Therefore  the  centres  be,  ac,  and  ab 
lie  on  the  same  straight  line. 

In  accordance  with  the  above  it  can  be  stated  that  if  A,  B,  and 
C  are  any  three  bodies  moving  relatively  to  each  other,  their 
centres  ab,  ac,  and  be  lie  on  the  same  straight  line. 

9.  A  kinematic  chain  is  a  combination  of  rigid  bodies  so  con- 
nected that  the  motion  of  each  is  either  completely  constrained  and 
depends  on  the  motions  and  positions  of  the  others,  or,  as  in  cases 


FIG.  6. 

where  a  part  is  actuated  by  a  spring,  its  own  weight,  or  a  corre- 
sponding device,  the  motion  of  the  part  must  occur  during  certain 
motions  of  the  others  or  while  they  occupy  definite  positions.  Figs. 
6  and  7  are  examples  of  kinematic  chains.  The  links  A,  B,  C.  and 
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D  are  so  connected  that  they  can  move  relatively  to  each  other,  each 
occupying  a  definite  position  at  any  instant,  determined  by  the 
positions  of  the  others. 


FIG.  7. 


In  Fig.  6  each  link  rotates  relatively  to  the  ones  to  which  it  is 
connected.     In  Fig.  7  the  links  G  and  D  have  a  sliding  or  parallel 


FIG.  8. 


motion  relatively  to  each  other.     Fig.  8  is  not  a  kinematic  chain, 
for  the  motion  of  no  link  is  completely  constrained,  and  the  move- 


FIG. 


ment  of  one  link  does  not  give  any  definite  motion  to  any  other. 
(Fig.  8  would  be  called  a  kinematic  chain  by  some  writers.) 
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The  parts  of  two  connecting  links  forming  the  articulation  be- 
tween them  are  called  a  pair  of  elements.  If  the  relative  motion  of 
the  elements  is  rotation,  they  form  a  turning  pair  ;  when  the  rela- 
tive motion  is  translation  or  sliding,  they  are  a  sliding  pair.  In 
Fig.  7  the  elements  joining  A  anc  B  are  a  turning  pair;  those  join- 
ing (7  and  D,  a  sliding  pair. 

The  links  of  a  kinematic  chain  are  conventionally  represented 
by  straight  lines  connecting  two  elements  belonging  to  different 
pairs  of  elements.  They  can  be  of  any  form,  however,  provided 
they  do  not  interfere  with  the  motion  of  the  others  by  striking 
against  them. 

MECHANISMS. 

Determination  of  Centres. 

10.  When  one  link  of  a  kinematic  chain  is  assumed  to  be  sta- 
tionary, or  when  it  is  taken  as  the  body  to  which  all  motions  of 
the  other  parts  are  referred,  the  combination  is  generally  called  a 
mechanism  or  machine. 

11.  Simple  lever-crank  chain  of  turning  pairs. — Fig.  10.  Since 
the  centros  of  adjacent  links  are  at  their  articulations,  ad,  ab,  bcy 


FIG.  10. 

and  cd  are  readily  determined.  To  find  Id,  suppose  D  to  be  sta- 
tionary ;  then  ab,  which  is  a  point  in  B,  moves  at  right  angles  to  a 
line  through  ab  and  ad  ;  therefore  the  centro  bd  must  lie  on  A. 
Also,  be  is  another  point  in  B,  and  moves  at  right  angles  to  a  line 
through  cd  and  be,  which  limits  the  position  of  bd  to  some  point  on 
C.  Since  bd  lies  on  both  A  and  C,  it  must  be  at  their  intersection, 
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as  indicated  in  the  figure.  The  centro  ac  can  be  located  in  a  simi- 
lar manner  by  considering  A  at  rest. 

Again  bd,  can  be  determined  by  making  use  of  the  fact  that  ad, 
ab,  and  bd  must  lie  on  the  same  straight  line  (§  8),  while  cd,  be,  and 
bd  have  the  same  property;  bd  must,  therefore,  lie  at  the  intersec- 
tion of  these  lines.  The  location  of  ac  can  be  determined  in  the 
same  manner. 

12.  Simple  slider-crank  chain,  one  sliding  and  three  turning 
pairs. — In  Fig.  11,  ab,  ad,  and  be  are  the  joins  of  the  links  indi- 


ac 


FIG.  11. 

cated  by  A,  B  and  C.  To  find  bd,  assume  D  to  be  at  rest;  then 
ab,  which  is  a  point  in  B,  moves  about  ad  at  right  angles  to  A  ; 
therefore  bd  must  lie  on  A,  for  it  is  also  a  point  in  B  and  must 
move  about  the  same  centro.  Also,  be,  which  is  a  point  in  B, 
moves  in  a  direction  parallel  to  D\  therefore  bd  must  lie  on  a  line 
perpendicular  to  D  at  be.  The  intersection  of  this  line  with  A  pro- 
longed is,  therefore,  the  position  of  bd. 

Now  assume  C  at  rest  in  order  to  locate  ac\  then  ab,  which  is 
a  point  in  A,  moves  about  be  at  right  angles  to  B  ;  therefore  ac 
must  lie  on  B.  Also,  ad,  which  is  a  point  in  A,  moves  in  a  line 
parallel  to  D\  therefore  ac  must  lie  on  a  perpendicular  to  D  at  ad. 
The  intersection  of  these  lines  determines  ac. 

When  D  is  at  rest,  C  moves  parallel  to  it.  The  centro  cd  is, 
therefore,  at  an  infinite  distance  from  these  links  and  on  lines  per- 
pendicular to  D.  The  same  can  be  shown  by  assuming  C  at  rest. 
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13.  Simple  chain,  two  sliding  and  two  turning  pairs. — Fig.  12. 
The  link  A  is  connected  to  B  and  D  by  turning  pairs  ;  B  slides 
along  the  vertical  part  of  0,  while  the  horizontal  part  of  C  slides 
through  the  right-hand  end  of  D. 

The  articulations  of  A  with  B  and  D  are  at  ab  and  ad.  To  find 
ac,  assume  C'at  rest;  then  ad,  which  is  a  point  in  A,  moves  in  a 


ac 


ab. 


ad      D 


be  at* oo' 


FIG.  12. 

direction  parallel  to  Z>;  therefore  ac  must  lie  on  a  perpendicular  to 
D  at  ad.  Also  ab,  which  is  a  point  in  A,  moves  at  right  angles  to 
D\  therefore  ac  must  lie  on  a  parallel  to  D  passing  through  ab. 
The  intersection  of  the  two  lines  upon  which  ac  must  lie  determines 
the  location  of  ac. 

When  C  is  at  rest,  D  moves  parallel  to  the  horizontal  part  of  C. 
The  centre  cd  must,  therefore,  be  at  an  infinite  distance  on  lines 
perpendicular  to  D  and  the  horizontal  part  of  C.  The  same  is  true 
for  B,  (7,  and  be. 

To  determine  bd,  assume  D  at  rest;  then  ab,  which  is  a  point 
in  B,  moves  about  ad  as  a  centre;  therefore  bd  must  lie  on  A. 
B  does  not  rotate  relatively  to  D,  its  motion  being  one  of  transla- 
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tion  only.  This  shows  that  bd  must  lie  at  an  infinite  distance  from 
the  mechanism,  which  locates  bd  on  A  at  infinity. 

14.  Compound  chain. — In  Eig.  1,3,  ab,  ae,  ad,  cd,  be,  and  e/are 
the  articulations  of  the  given  links,  ac  and  be  are  located  as  in  §  12. 

By  making  use  of  the  fact  that  the  centros  of  three  bodies  lie  in 
the  same  straight  line  (§  8),  de  and  ce  can  be  located.  To  do  this, 
first  take  the  links  A,  C,  and  E ;  then  ac,  ae,  and  ce  must  lie  on 
the  same  line.  Two  of  these  points,  ac  and  ae,  have  been  deter- 


FIG.  13. 

mined,  and  therefore  one  of  the  lines  containing  ce  is  determined, 
since  it  passes  through  ac  and  ae.  Next  take  B,  C,  and  E.  be,  be, 
and  ce  must  lie  on  the  same  line;  be  and  be  are  known  in  position, 
therefore  another  line  containing  ce  is  determined,  for  it  passes 
through  be  and  be.  The  intersection  of  the  line  through  be  and  be 
with  that  through  ac  and  ae  determines  ce.  By  taking  the  links 
A,  D,  E,  and  C,  D,  E,  ed  can  be  located  in  the  same  manner. 

All  the  remaining  centros  can  be  determined  by  the  method 
just  applied. 
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Relative  Linear  Velocities. 

15.  When  a  rigid  body  rotates  or  oscillates  about  a  permanent 
centre,  the  linear  velocity  of  any  point  in  the  body  is  proportional 
to  its  radial  distance  from  the  centre.     The  same  is  true  for  virtual 
linear  velocities  about  a  centro. 

The  distance  of  a  point  from  the  centro  is  called  its  virtual  (or 
instantaneous)  radius.  When  the  virtual  radius  is  infinitely  long, 
the  linear  velocity  of  every  point  is  the  same. 

F-,will  be  used  to  represent  the  linear  velocity  of  a  point  or 
a  body  in  which  all  points  move  at  the  same  rate.  Thus,  V-.  H  is 
read  "  the  linear  velocity  of  H" 

As  a  means  of  indicating  a  link  that  is  at'  rest,  short  lines  are 
drawn  at  an  acute  angle  on  one  side  of  it. 

16.  Linear  velocity  about  a  permanent  centre. — 1st  method. — In 
Fig.  14  let  H  and  N  be  any  two  points  in  the  link  A,  the  velocity 


ad 


FJG.   14. 

of  H  being  given  and  that  of  N  required  about  the  permanent 
centre  ad. 

Lay  off,  in  any  direction  from  H,  a  distance  HK  =  V-.H ac- 
cording to  any  convenient  units  and  scale  of  drawing.  Draw 
(ad)KL  ,take  (ad)N'  =  (ad)N,  and  draw  N'L  parallel  to  HK.  By 
the  similar  triangles  KH(ad)  and  LN'(ad), 

N'L  __  N'(ad)  _  N(ad]  _  V-.N 
~HK  ~~"  H(ad)  ~"  H(ad)    ~  V-.H' 

But  HK=  V-.H:  therefore 


N'L 


V-.H      V-.H' 


or 
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2d  method. — In  Fig.  15,  //  and  N  are  any  two  points  in  the 
link  A,  as  before.     Draw  HN,  H(ad),  and  N(ad).     Take  HK - 
V-.Hy  and  draw  KL  parallel  to  HN,   intersecting  N(ad)  at  L. 
By  the  similar  triangles  HN(ad)  and  KL(ad), 

NL_N(ad)_    V-.N 
HK~~  H(ad)  ~~~  V-.IT 


But  HK=  V-.H;  therefore 
NL         V-.N 


or  NL=  V-.N. 


If  the  centre  of  rotation  and  the  given  points  H  and  N  lie  on 
or  near  the  same  straight  line,  it  becomes  necessary  to  take  an 
auxiliary  point  whose  velocity  is  first  found,  and  from  this  velocity 
that  of  the  given  point.  Thus,  in  Fig.  15  the  points  h  and  n  are 
on  the  link  (7,  the  velocity  of  Ji  being  known  and  that  of  n  required. 

The  points  Ji,  n,  and  cd  are  so  nearly  in  a  straight  line  that  the 
intersection  of  n(cd)  with  a  line  drawn  through  Jc  parallel  to  one 
joining  li  and  n  could  not  be  accurately  located.  The  point  p  is, 
therefore,  taken  in  any  convenient  position,  and,  by  the  method 
just  given,  its  velocity  is  found  to  be  pi.  Then  that  of  n  is  readily 
obtained,  and  is  ns. 

The  second  method  represented  in  Fig.  15,  with  and  without 
the  auxiliary  point,  is  useful  when  the  centre  of  rotation  is  inac- 


^-/z%%%%w^^ 

FIG.  15 


/k 


cessible,  as  is  frequently  the  case  for  centres.     This  usefulness  de- 
pends on  the  fact  that  the  lines  passing  through  the  given  points,. 
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and  the  auxiliary  one  when  used,  need  only  be  drawn  toward  the 
centre  of  rotation,  there  being  no  necessity  of  their  extending  to  it. 
(See  §  18.) 

17.  Linear  velocity  about  an  accessible  centre. — In  Fig.  16,  H 
and  J^are  any  two  points  in  the  link  13.  The  velocity  of  //being 
given,  that  of  Nis  required. 


FIG.  16. 

The  solution  is  the  same  as  that  of  the  first  method  in  §  16,  the 
centre  of  revolution  in  this  case  being  bd.  HKis  taken,  in  any 
direction,  to  represent  the  velocity  of  H.  N'(bd)  is  taken  equal  to 
N(bd),  and  N'L  is  drawn  parallel  to  HK,  which  gives  N'L  as  the 
velocity  of  N. 

18.  Linear  velocity  about  an  inaccessible  centre. — Fig.  17. 
H  and  N  are  points  in  the  link  B.  The  velocity  of  H  being  given, 
that  of  N  is  required.  The  centro  of  rotation  for  B,  which  is  M, 
lies  at  the  intersection  of  the  line  through  ab  and  ad,  with  the  line 
through  ~bc  perpendicular  to  D.  Since  the  directions  of  these  two 
lines  passing  through  ~bd  are  known,  lines  can  be  drawn  through  H 
and  N  in  the  direction  of  bd,  by  the  geometrical  method  of  drawing 
a  line  in  the  direction  of  an  inaccessible  point  when  the  directions 
of  two  lines  passing  through  it  are  known.  //./Tand  LNare  lines 
so  drawn.  The  problem  can  now  be  completed  by  the  second 
method  of  §  16.  The  solution  is  as  follows:  Join  H  and  JV,  draw 
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#7Tand  NL  toward  bd,  take  HK  as  the  velocity  of  H,  draw  KL 
parallel  to  HN\  then  NL  represents  the  velocity  of  N. 

bd 


FIG.  17. 


19.  Linear  velocity  of  points  in  different  links. — In  Fig.  18,  H 
and  J^are  any  two  points  in  the  links  A  and  B  respectively.  The 
velocity  of  H  is  known,  and  that  of  N  required. 


FIG.  18. 


The  solution  requires  the  use  of  an  auxiliary  point  which  must 
be  common  to  both  links,  and  is,  therefore,  their  articulation, 
which,  in  this  case,  is  ab.  The  first  method  of  §  16  is  applicable. 
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Take  H'(ad)  =  H(ad)  and  draw  H'K  parallel  to  B,  making  H'K 
equal  the  velocity  of  H\  draw  (ad)K cutting  the  link  B  at  #;  then 
(ab)S  is  the  velocity  of  ab,  which  is  a  point  in  B.  The  centro  of 
Dis  bd,  and  the  velocity  of  ab  about  fo/  is  (ab]S.  Now  take  N'(bd) 
—  N(bd)',  draw  iV'Z  parallel  to  B,  and  (W)#  cutting  N'L  at  Z; 
then  JV'Z  is  the  velocity  of  N. 

The  similar  triangles  used  for  finding  the  velocity  of  ab  from 
that  of /fare  H'K(ad)  and  (ab)S(ad)-,  those  for  finding  that  of 
^Yfrom  the  velocity  of  ab  are  (ab)S(bd)  and  N'L(bd). 

Angular  Velocities. 

20.  The  angular  velocity  of  a  body  rotating  or  oscillating  about 
a  centre  or  centro  is  the  same  for  every  point  in  the  body.     If,  in 
two  bodies,  there  are  two  points  having  the  same  linear  velocity, 
but  different  radial  distances  from  their  centres  of  rotation,  their 
angular  velocities  are  inversely  as  their  radii.     Thus,  if  P  and  Q 
are  two  points  having  radial  distances  of  2  feet  and  6  feet  respec- 
tively, the  linear  velocity  of  both  being  10  feet  per  second,  P  will 
make  three  revolutions  while  Q  is  making  one,  which  gives  the 
angular  velocity  of  P  three  times  that  of  Q,  or  inversely  as  the 
radial  distances  of  the  points  having  the  same  linear  velocity  in 
each. 

In  engineering  practice,  angular  velocities  are  generally  meas- 
ured by  revolutions  per  minute.  Other  units  of  angular  and  time 
measure  may  be  used,  as  revolutions  per  second  or  hour,  degrees 
or  radians  per  minute  or  other  time  unit,  etc. 

21.  Relative  angular  velocities  of  links. — In  Fig.  19  suppose 
that  the  angular  velocity  of  A  relatively  to  D  is  given,  and  that  of 
B  relatively  to  D  is  required. 

F°  is  used  to  indicate  the  angular  velocity  of  a  body.  Thus, 
V°A  is  read  "  the  angular  velocity  of  A." 

For  convenience  the  link  D  will  be  assumed  at  rest.  The  point 
common  to  both  A  and  B  is  ab.  In  either  body  it  has  the  same 
linear  velocity.  As  a  point  in  A  its  radial  distance  is  (ab)(ad)f 
and  as  a  point  in  B  its  radial  distance  is  (ab)(bd),  from  which 

V°A  _  (ab)(bd) 
T~°B~~(ab)(ad)' 
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Therefore 

(ab)(ad) 
-(ab)(bd)' 

The  graphical  solution  is  shown  in  Fig.  19.     It  is  as  follows: 
Join  ab  and  cd\  take  (ab)G  on  any  convenient  scale,  as  V°Am,  draw 


be 


GH parallel  to  (ab)(cd}',  draw  HL  parallel  to  (bd)(ad)  intersecting 
(ab)(cd)  at  N -y  then,  by  similar  triangles  and  since  HN '  =  G(ab) 
by  construction, 

HN_  (ab)(bd)  _  V°A 
NL~  (ab)(ad)  ~  V°B' 

And  since  HN '=  V°A,  therefore  NL  =  V°B  on  the  same 
scale  of  drawing. 

If  V°B  is  given  and  V°A  required,  both  relatively  to  D,  take 
(ab)E  =  V°B;  draw  EL  parallel  to  (ab)(cd),  and  HL  parallel  to 
(bd)(ad)-,  then  NH  =  V°A.  This  construction  and  proof  are  simi- 
lar to  that  when  V°A  is  given. 

If  V°B  is  given  and  V°D  required  for  the  opposite  link  D,  one 
of  the  intermediate  links,  as  A,  can  be  assumed  to  be  stationary. 
The  point  bd  is  a  point  in  both  B  and  D\  as  a  point  in  B  it  rotates 
about  ab,  its  virtual  radius  being  (ab}(bd)',  as  a  point  in  D  it  ro- 
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tates  about  ad,  with  a  virtual  radius  (ad)(bd).  The  following  con- 
struction may  be  used  for  finding  V°D  relatively  to  A.  Take 
(ad)F=  V°B,  draw  FH  parallel  to  (ad)(cd),  and  HL  parallel  to 
(M)(ad)  intersecting  '(ab)(ed)  at  N  and  (ad)(cd)  at  Lj  then,  by 
similar  triangles, 

HL_(ad)(M)  _    V°B 
HN~  (ab)(bd)  z=  T*~D' 

HNis  therefore  equal  to  V°D  on  the  same  scale  as  that  used 
for  HL. 

It  should  be  noted  that  the  constructions  given  above  do  not 
require  that  the  centro  be  accessible.  While  there  are  many  other 
constructions  that  are  somewhat  simpler  for  special  cases,  the  ones 
given  are  applicable  to  all  cases,  and,  for  this  reason,  are  the  only 
ones  herein  considered. 


Velocity  Diagrams. 

22.  Reciprocating  parts  of  engine. — When  the  link  D  of 
Fig.  11  is  fixed,  the  mechanism  is  that  of  an  ordinary  steam  or  gas 
engine.  The  link  D,  enlarged  sufficiently,  becomes  the  frame  or 
bed  of  the  engine;  then  A  is  the  crank,  B  the  connecting-rod,  and 
C  the  cross-head  to  which  the  piston  and  its  rod  are  rigidly  attached. 
The  centre  line  of  the  main  shaft  is  at  ad,  that  of  the  crank-pin  at 
db>  and  that  of  the  cross-head  at  be. 

Assuming  that  the  angular  velocity  of  the  crank  is  constant 
throughout  the  entire  revolution,  which  is  approximately  true,  the 
linear  velocity  of  the  piston  and  the  cross-head,  it  being  the  same  for 
both,  can  be  found  for  any  position  of  the  crank  if  the  length  of 
the  crank  and  connec ting-red  are  known. 

In  Fig.  20,  A  is  the  main  shaft,  Bl  the  crank-pin,  /),  the  cross- 
head  pin,  and  C  the  centro  of  the  connecting-rod  when  in  the 
position  B^^ 

Using  the  foot  and  minute  as  units,  and  calling  the  number  of 
revolutions  per  minute  N,  gives  for  the  linear  velocity  of  B, 
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Take   B^F}    on    any   scale,    equal   to  V-.B,   and   draw 
parallel  to  BJ)^ ;  then,  by  similar  triangles, 

D,El  _  D}  C  _  Virtual  radius  of  Dl 
BlFl       B^C      Virtual  radius  of  B^ 

And  since  BJ?^  =  V-.B^  therefore  D1E1  =  V-.D^ 
(Linear  velocities  are  proportional  to  virtual  radii.) 
By  taking  a  second  position  of  the  crank,  as  AB^   and  the 

corresponding  positions  of  the  other  moving  parts,  the  same  con- 


FIG.  20. 


which  is  the  velocity  of  the 


struction  can  be  employed  to  find  D 
piston  for  this  position. 

This  process  can  be  repeated  for  any  number  of  positions  of  the 
moving  parts.  The  construction  is  made  easy  by  drawing  a  crank- 
pin  circle  of  radius  AB}  about  A  as  a  centre,  and,  concentric  witli 
it,  a  circle  of  radius  AB}  -\-  B^F^  then,  taking  any  number  of 
positions  BJf  B9,  J53,  etc.,  on  the  crank  circle,  the  radial  lines  drawn 
through  these  points  give  F},  F^  F^  etc.  Now  take  BrDlf  Bfl^ 
J58Z>3,  etc.,  as  the  connecting-rod  lengths,  erect  perpendiculars  to 
AD,  at  /),,  D2,  Z>3,  etc.,  and  draw  FtEl9  F^E^  F3E3,  etc.,  parallel 
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to  B}D^  BJ)^  BJ)^  etc.,  thus  obtaining  the  points  Elt  Jb\,  L\, 
etc.  A  smooth  curve  drawn  through  these  points  gives  the  velocity 
diagram  for  the  single  stroke  of  the  piston  from  one  end  to  tin- 
other  of  the  cylinder.  If  the  complete  diagram  for  the  double 
stroke  is  drawn,  it  will  be  symmetrical  about  AD0  when  the  veloci- 
ties for  the  forward  motion  and  those  for  the  return  are  taken  on 
opposite  sides  of  AD0.  This  being  the  case,  it  is  necessary  to  plot 
only  the  diagram  for  the  motion  of  the  piston  in  one  direction. 

By  making  use  of  the  piston  velocities  found  above,  a  polar 
velocity  diagram,  showing  the  relative  velocities  of  the  piston  and 
crank-pin,  can  be  laid  out  as  follows:  Draw  a  circle,  Fig.  21,  of  a 


FIG.  21. 

radius  equal  to  the  crank-pin  velocity  B^F^  Fig.  20,  and  divide  it 
into  parts  corresponding  to  the  positions  of  the  crank  in  Fig.  20. 
Upon  each  position  of  the  crank,  measure  from  the  centre  of  the 
circle  the  corresponding  velocity  of  the  piston  as  found  in  Fig.  20, 
and  draw  a  curve  through  the  points  thus  located.  Thus,  01-  and 
OF,  Fig.  21,  represent  respectively  the  position  of  the  crank  AB^ 
and  the  corresponding  piston  velocity  DtE^  of  Fig.  20. 

In  Fig.  21  it  may  be  seen  that  the  piston  velocity  exceeds  that 
of  the  crank  for  a  portion  of  the  stroke,  while  at  jfiTaud  3  they  are 
the  same.  This  occurs  at  H  when  the  triangle  (ab)(bd)(bc), 
Fig.  11,  is  isosceles,  the  sides  meeting  at  bd  being  equal.  Between 
£Tand  3,  Fig.  21,  the  angle  of  the  triangle  at  ab.  Fig.  11,  is  greater 
than  that  at  be ;  consequently  the  virtual  radius  (bd)  (be)  is  greater  than 
(M)(ab)\  therefore  the  velocity  of  the  piston  is  greater  than  that 
of  the  crank-pin.  At  3  the  crank  is  at  right  angles  to  the  line  of 
motion  of  the  piston,  which  places  the  virtual  centre  of  the  con- 
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necting-rod  at  an  infinite  distance;  hence  the  crank-pin  and  piston 
have  the  same  velocity. 

The  polar  diagrams  for  the  forward  and  backward  motions  are 
symmetrical  about  the  axis  of  the  piston. 

When  the  axes  of  the  piston-rod  and  main  shaft  do  not  intersect, 
but  lie  as  in  Fig.  22,  where  A  is  the  main  shaft  and  DD'  the  line 


FIG.  22. 

of  piston  travel,  the  velocity  diagram  is  not  symmetrical  about 
DD ',  the  forward  motion  being  slower  than  the  return. 

This  arrangement  can  be  used  for  the  "quick-return"  motion 
of  shaping-machines,  where  the  cutting-tool  is  clamped  to  the  ram, 
which  corresponds  to  the  piston  of  an  engine. 

The  position  BD  of  the  connecting-rod  at  the  completion  of 
the  return  stroke  is  found  by  taking  a  radius  AD  —  length  of  the 
connecting-rod  less  that  of  the  crank,  and  with  A  as  a  centre 
describing  an  arc  cutting  DD'  at  D\  then,  by  drawing  a  line 
through  D  and  A,  the  point  B  is  obtained,  which  is  the  position  of 
the  crank-pin  at  the  end  of  the  return  stroke;  for  a  movement  of 
the  crank  in  either  direction  would  bring  B  nearer  to  D,  and,  as 
the  connecting-rod  has  a  constant  length,  the  end  at  D  would  move 
toward  D'.  Hence  D  must  be  at  the  end  of  the  stroke. 
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The  position  B',  at  the  end  of  the  forward  stroke,  is  found  by 
taking  a  radius  AD'  =  length  of  the  connecting-rod  plus  that  of 
the  crank,  and  with  A  as  a  centre  describing  an  arc  cutting  DD' 
at  D'\  then,  by  joining  A  and  D',  the  point  B'  is  found. 

23.  Variable-motion  mechanism. — Fig.  23.  This  mechanism 
is  the  slider-crank  chain  of  Fig.  11  with  the  link  A  fixed.  By 
rotating  B  at  a  uniform  rate,  D  is  driven  at  a  variable  velocity. 


-be 


FIG.  23. 

The  velocity  of  be  may  be  either  assumed,  or  readily  calculated 
when  the  length  of  ip  and  its  angular  velocity  are  known.  The 
linear  velocity  of  any  point  on  D,  as  H,  can  be  found  by  various 
methods,  two  of  which  will  be  given,  the  first  by  the  use  of  centros, 
and  the  second  without.  Probably  the  second  is  somewhat  more 
readily  used  practically. 

1st  method. — Taking  the  positions  of  the  parts  as  in  Fig.  23, 
draw  a  circle  of  radius  (ab)(bc)  about  ab  as  a  centre.  This  gives 
the  path  of  be.  Another  circle  of  radius  (  ad  )H,  drawn  about  ad 
as  a  centre,  is  the  path  of  //.  Draw  (bc)(bd)  perpendicular  to  D 
at  be,  cutting  A  extended  at  bd.  Then  bd,  being  a  point  common 
to  both  B  and  D,  must  have  the  same  linear  velocity  in  both.  To 
find  the  velocity  of  bd,  draw  QR  perpendicular  to  A  and  of  such  a 
length  as  will  represent  the  given  velocity  of  be.  Then  draw  (ab)R, 
extending  it  to  intersect  a  line  drawn  normal  to  A  at  bd. 
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This  gives  (bd)ti  =  V-.bd  in  accordance  with  the  fact  that  the 
linear  velocities  of  any  two  points  in  a  rigid  body  (in  this  case  B) 
are  proportional  to  their  radial  distances.  The  triangles  (ab)QR 
and  (ab)(bd)S  are  similar. 

Having  thus  obtained  the  linear  velocity  of  a  point,  bd,  in  D, 
that  of  H  is  found  by  joining  S  and  ad,  and  then  drawing  EF 
perpendicular  to   A   and   intersecting    (ad)  8  at   F.      This   gives 
EF=V-.H. 

2d  method. — Fig.  24.  The  positions  of  the  parts  are  taken  the 
same  as  before,  H  being  the  same  point  on  D.  Draw  (bc)R  normal 
to  B,  to  represent  the  direction  of  motion  and  the  linear  velocity  of 
be.  Draw  (bc)S  perpendicular,  and  US  parallel  to  D.  Then  (bc)S 


FIG.  24. 

is  the  linear  velocity  of  a  point  in  D  which  is  coincident  with  be. 
Draw  (ad)  8  and  extend  it  to  intersect  HF  drawn  perpendicular  to 
D.  Then  HF  =  V-.ff. 

If,  in  either  case,  H  is  taken  at  the  same  radial  distance  as  be 
[i.e.,  (ad)H  =  (ab)(bc)],  the  linear  velocities  of  H  and  be  will  be 
proportional  to  the  angular  velocities  of  their  respective  links. 

The  linear  velocity  of  any  other  point  in  the  link  D,  ,as  H', 


bears  the  ratio 


to  that  of  H. 


(ad)H 

By  taking  several  positions  of  the  mechanism,  and  determining 
V-.H  for  each,  a  polar  velocity  diagram  can  be  plotted  as  shown 
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in  the  right-hand  portion  of  Fig.  25,  in  which  (ad)F'  corresponds 
to  the  position  of  D  in  Figs.  23  and  24,  and  E'F  =  EF  in  Fig.  23 
and  =  HF  in  Fig.  24.  The  other  radial  lines  represent  successjve 
positions  of  Z),  the  corresponding  velocities  of  H  being  measured  on 
them  beyond  the  circle  of  //.  A  curve  drawn  through  the  points 
thus  determined  is  the  velocity  curve  of  H. 

The  maximum  velocity  of  H  occurs  when  it  is  at  E,  Fig.  23, 
the  links  A,  B,  and  D  coinciding  for  this  position.  Its  lowest 
velocity  is  reached  when  it  has  moved  through  a  half-revolution 
from  this  position  of  maximum  velocity. 

The  maximum  and  minimum  velocities  of  H'  lag  behind  those 
of  #by  an  angle  H'(ad)H. 


FIG.  25. 

24.  The  Whit  worth  quick-return  motion,  Fig.  26,  is  obtained 
by  adding  to  the  variable-motion  mechanism  just  described  a  con- 
necting-rod E  and  slid  ing-piece  F,  as  shown.  The  motion  of  F 
is  horizontal  and  reciprocating.  A  is  stationary. 

The  velocity  diagram  of  F  is  found  in  the  same  general  way  as 
that  for  the  mechanism  of  Fig.  20.  Fig.  25  illustrates  the  method 
to  be  used.  The  velocity  curve  of  H  has  already  been  found. 
F'F"  corresponds  to  the  connecting-rod  HF  of  Fig.  26.  The  line 
of  travel  of  F"  is  along  MN.  By  drawing  a  perpendicular  to  J/.V 
at  F",  and  E'E"  parallel  to  F'F" ,  intersecting  the  perpendicular 
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at  E",  the  distance  F'E"  is  obtained  as  the  velocity  of  F"9  which 
is  the  same  as  that  of  all  parts  of  the  slide  F. 

Continuing  the  same  operations  for  different  positions  of  the 


FIG.  26. 

mechanism  gives  a  number  of  points  corresponding  to  E",  through 
which  the  velocity  curve  be  drawn. 

The  axis  ad  of  the  variably  rotating  arm  may  lie  either  above 
or  below  MJV,  or  on  it  as  in  Fig.  25. 

The  length  of  the  stroke  of  F,  Fig.  26,  can  be  varied  by  moving 
H  nearer  to  or  farther  from  the  centre. 

25.  Problem. — In  the  design  of  a  shaper  driven  by  the  mechan- 
ism of  Fig.  26,  it  is  customary  to  assume  a  maximum  stroke  for 
the  tool  or  ram,  and  a  time  ratio  for  the  forward  and  return  strokes. 
The  driving  parts  are  then  designed  to  fulfill  the  assumptions. 

In  accordance  with  this,  let  MN,  Fig.  27,  be  the  length  of  stroke, 
the  line  MN  being  the  path  travelled  by  the  axis  of  the  pin  joining 


FIG.  27. 

the  connecting-rod  to  the  ram.     Also  let  the  time  of  the  forward 

stroke  be  double  that  of  the  return,  which  gives  a  time  ratio  of  2:1. 

The  length  of  the  connecting-rod  MR'  can  now  be  taken  with 
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due  regard  to  the  length  of  stroke.  With  the  length  of  the  con- 
necting-rod as  a  radius,  and  M  and  N  as  centres,  strike  the  arcs  mm 
and  nn.  The  circle  in  which  H,  which  is  the  axis  of  the  pin  joining 
the  connecting-rod  to  the  variably  rotating  arm,  travels  for  the 
maximum  stroke,  must  be  tangent  to  both  these  arcs  whatever  the 
position  of  its  centre  ad.  Assuming  that  ad  is  to  be  at  a  distance 
w  above  the  line  MN,  it  can  be  located  by  drawing  a  line  parallel 
to  and  at  a  distance  w  above  J/jV,  and  then,  by  trial,  finding  the 
point  ad  on  this  line,  which  is  the  centre  of  a  circle  tangent  to  mm 
and  nn. 

The  positions,  MH'  and  NH,  of  the  connecting-rod  at  the  ends 
of  the  stroke  are  found  by  drawing  (ad)M  and  (ad)N,  the  latter 
being  extended  to  cut  the  circle  at  H. 

During  the  forward  stroke  from  N  to  M,  the  variably  rotating 
arm  travels,  as  indicated  by  the  arrow,  from  the  position  (ad)ff  to 
(ad)H',  swinging  through  something  more  than  a  half-revolution. 
The  time  for  passing  through  this  angle  is  to  be,  in  accordance  with 
the  conditions  of  the  problem,  twice  as  long  as  that  for  the  re- 
mainder of  the  complete  revolution.  This  means  that  the  uniformly 
rotating  arm,  corresponding  to  B  in  Fig.  23,  must  swing  through 
two-thirds  of  a  revolution,  or  240°,  while  the  variably  rotating 
arm  moves  from  (ad)H  to  (ad)H'.  The  angle  through  which  B 
swings  for  the  return  stroke  is,  of  course,  120°. 

There  are  now  two  methods  for  completing  the  solution.  One 
is  to  assume  a  distance  between  the  axes  of  the  rotating  arms,  and 
the  other  to  assume  a  length  of  the  uniformly  rotating  arm.  In 
either  case  the  remaining  proportions  are  determined  to  comply 
with  the  assumptions  made. 

First,  suppose  that  r  is  taken  as  the  distance  between  the  axes 
of  the  two  arms.  Then  ab,  the  axis  of  the  driving-arm,  must  lie 
on  the  arc  of  a  circle  of  radius  r,  Fig.  27,  whose  centre  is  at  ad. 

For  convenience  in  solving  the  remainder  of  the  problem,  two 
lines  may  now  be  drawn  at  an  angle  of  120°  on  a  piece  of  thin  sheet 
celluloid. 

The  intersection  of  the  lines  on  the  celluloid  can  now  be  placed 
over  any  point  on  the  arc  of  radius  r,  within  the  limits  of  practical 
working,  as  ab,  and  the  celluloid  so  adjusted  that  equal  lengths 
(ab)(bc)  and  (ab)(b'cr)  are  cut  on  both  lines  as  shown.  These  equal 
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distances  represent  the  length  of  the  driving-arm  to  be  used  to 
fulfill  the  conditions  of  the  problem. 

While  any  practicable  position  of  db  on  the  arc  of  radius  r  will 
give  the  assumed  time  ratio,  each  will  give  a  different  velocity 
diagram  for  the  ram. 

For  the  second  case,  assume,  in  Fig.  28,  the  length  of  the  driv- 
ing-arm as  (ab)(bc)  =  (ab)(b'c'),  and  mark  this  distance  from  the 
intersection  on  both  lines  on  the  celluloid. 

Place  the  points  just  marked,  over  the  lines  M(ad)  and  N(ad) 
extended,  as  shown  in  the  figure.  By  shifting  the  celluloid  so  as 


FIG.  28. 

to  move  the  points  along  the  lines,  ab  will  trace  a  curve  gh.  By 
fixing  db  at  any  point  on  this  curve,  the  required  velocity  ratio 
will  be  given  to  the  forward  and  return  strokes.  The  velocity 
diagrams  for  each  position  of  db  will  be  different. 

Naturally,  in  the  design  of  such  a  machine  as  that  just  con- 
sidered, the  proportions  will  be  selected  by  trial  so  as  to  give  the 
most  satisfactory  results. 

26.  Oscillating-arm  quick-return  motion. — Fig.  29.  The  slider- 
crank  mechanism  of  Fig.  11  is  used  for  this  motion,  the  link  A 
being  fixed  and  B  the  uniformly  rotating  driver.  By  taking  B 
shorter  than  A,  D  is  made  to  oscillate  between  the  positions  in- 
dicated by  the  two  lines  drawn  from  ad  tangent  to  the  circle  of  lc. 
A  point  H  in  D  oscillates  in  an  arc  of  a  circle  about  ad  as  a 
centre. 

The  velocity  of  #can  be  found  for  any  position  of  Z>,  as  fol- 


GENEKAL   PRINCIPLES   AND    DEFINITIONS. 


31 


lows :  The  linear  velocity  of  be  is  known  or  can  be  found  if  the 
angular  velocity  and  length  of  B  are  known.     To  find  the  linear 


velocity  of  bd,  take  QR  =  V-.lc\  join  R  and  rib,  and  draw  (bd)S 
parallel  to  QR  ;  then  (bd)S  —  V-.bd.  Since  bd  is  a  point  in  D, 
the  linear  velocity  of  H,  which  is  also  a  point  in  I),  is  found  by 
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drawing  a  line  through  E  parallel  to  QR,  and  another  through  ad 
and  S;  the  intersection  of  these  lines  at  F  gives  EF  =  V-.H. 

Two  velocity  diagrams  are  shown  in  the  figure.  The  one  drawn 
with  a  full  line  has  the  straight  line,  EF,  perpendicular  to  A,  as  a 
datum  line.  Points  upon  this  curve  are  determined  as  follows: 
For  the  given  position  of  the  mechanism,  the  velocity  of  H  has  been 
found  to  be  EF ;  through  H  draw  a  line  perpendicular  to  EF  and 
intersecting  it  at  E' \  then  from  E'  take  the  distance  E'F'  =  EF, 
thus  obtaining  F'  as  a  point  through  which  the  velocity  curve  of  the 
forward  stroke  must  pass.  The  velocity  of  H  when  in  the  same 
position  on  the  return  stroke  is  taken  upward  from  E1  on  the  line 
HE',  thus  obtaining  a  point  on  the  velocity  curve  of  the  return 
stroke.  Other  points  are  located  in  a  similar  manner. 

The  curve  just  determined  probably  appeals  to  the  eye  more 
readily  than  one  laid  oft  from  the  arc  of  a  circle  as  a  datum  line; 
but  if  the  velocity  diagram  of  a  sliding-ram  connected  to  H  by  the 
link  HP  is  to  be  found,  a  velocity  curve  having  for  a  datum  line 
the  arc  of  the  circle  in  which  H  oscillates  is  more  easily  used. 

Points  on  this  curve  having  the  path  of  H  as  a  datum  line  are 
determined  as  follows  :  From  H  take  the  distance  HM  =  EF,  on 
D,  which  gives  M  as  one  point  on  the  curve  of  the  forward  stroke. 
By  measuring  upward  on  the  line  of  D  a  distance  HN  =  V-.H 
when  in  this  position  on  the  return  stroke,  a  point  N  on  the  curva 
for  the  return  stroke  is  determined.  All  points  necessary  for  draw- 
ing the  velocity  curve  are  found  by  similar  operations. 

The  method  of  obtaining  the  velocity  diagram  of  P,  which  is  a 
point  in  the  ram  and  has  the  same  velocity  as  all  other  points  in 
the  ram,  is  almost  the  same  as  that  for  Figs.  20,  22,  and  25,  the 
only  difference  being  that  for  each  position  of  H  two  points  on  the 
diagram  for  P  can  be  found,  one  on  the  forward  and  the  other  on 
the  return  stroke.  Thus,  for  the  given  position  of  H,  the  corre- 
sponding point  on  the  diagram  for  the  forward  stroke  of  P  is  lo- 
cated by  drawing  (construction  not  shown  in  the  figure)  through  P 
a  perpendicular  to  the  line  of  travel  of  P,  which  in  this  case  is  PE, 
and  then  drawing  through  M  a  line  parallel  to  HP  ;  the  intersec- 
tion of  the  last  line  drawn  and  the  perpendicular  to  PE  is  the 
point  required.  The  point  on  the  return  stroke  is  found  by  draw- 
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ing  a  line  through  N  parallel  to  HP,  whose  intersection  with  the 
perpendicular  to  PE  through  P  is  the  one  required. 

27.  Problem. — In  the  mechanism  of  Fig.  29,  the  length  of  the 
path  through  which  P  travels,  and  the  time  ratio  of  the  forward 
and  return  strokes,  are  often  given  in  practice,  and  the  proportions 
of  the  various  members  made  such  as  to  fulfil  these  requirements. 

In  accordance  with  this,  let  MN,  Fig.  30,  be  the  given  length  of 
stroke,  and  the  time  ratio  equal  5  :  3.  The  length  of  the  connect- 
ing-rod may  be  taken  as  MH'.  The  right-hand  end  must,  there- 
fore, lie  on  the  arc  mm,  described  with  M  as  a  centre  and  radius 


M 


FIG.  30. 

M H',  when  the  ram  is  at  the  forward  end  of  the  stroke.  At  the 
end  of  the  return  stroke  the  right-hand  end  of  the  connecting-rod 
must  lie  on  the  arc  nn,  having  the  same  radius  and  N  as  a  centre. 
The  points  H1  and  H  on  these  arcs  are  taken  as  the  two  extreme 
positions  of  the  connecting-rod.  The  same  points  must,  of  course, 
be  the  extreme  positions  of  the  upper  end  of  the  oscillating  arm. 

By  supposing,  for  a  moment,  that  the  problem  has  been  com- 
pletely solved,  it  can  be  seen  that  during  the  forward  stroke  B 
must  swing  in  the  direction  of  the  arrow  from  the  position  B,  nor- 
mal to  Z>,  around  to  B',  which  is  normal  to  D'\  and  for  the  return 
stroke,  from  B '  to  B,  moving  in  the  same  direction  of  rotation. 

Since  B  moves  at  a  uniform  rate,  the  time  ratio  of  the  two 
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strokes  is  proportional  to  the  respective  angles  swung  through  for 
then). 

By  the  aid  of  the  similar  triangles  (ad) (ah) (be)  and  (ad)HE,  it 
can  be  seen  that  the  angles  z  and  z '  are  equal.  But  z  is  half  the 
angle  passed  through  by  B  on  the  return  stroke;  therefore  z' 
must  be  equal  to  half  the  angle  passed  through  by  B  on  the  return 
stroke. 

Returning  now  to  the  solution  in  accordance  with  the  data  given, 
it  can  be  seen  that  for  a  time  ratio  of  5  :  3,  B  must  rotate  through 
225°  on  the  forward  stroke,  and  135°  while  returning.  The  angle 
z'  must  be  made,  therefore,  135°  -j-  2  =  67.5°,  and  z"  has  the 
same  value. 

Drawing  H(ad)  and  H'(ad)  both  at  an  angle  of  67.5°  with 
HH ' ,  locates  ad  at  their  intersection  and  determines  the  length  of 
D.  The  axis  ab,  about  which  B  rotates,  may  now  be  taken  at  any 
point  on  a  line  bisecting  the  angle  H(ad)H' .  By  locating  ab,  the 
length  of  B  is  determined  as  the  radius  of  a  circle  whose  centre  is 
at  ab,  and  which  is  tangent  to  the  extreme  positions  of  the  oscillat- 
ing arm  D 

When  used  on  a  shaping-machine,  the  length  of  the  stroke  of 
the  above  mechanism  is  changed  by  varying  the  length  of  B,  all 
other  parts  having  constant  dimensions.  When  B  is  made  shorter, 
the  time  ratio  approaches  more  nearly  to  unity,  becoming  almost 
equal  to  this  value  when  B  is  very  short. 
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SPUE   GEARS. 

28.  Pitch  circles. — In  the  operations  of  machinery  it  is  fre- 
quently necessary  that  two  parts  shall  rotate  about  parallel  axes 
with  a  constant  relative  angular  velocity  ratio,  one  driving  the  other. 

In  Fig.  31,  A  and  B  are  two  bodies  that  are  to  rotate  about 
axes  perpendicular  to  the  paper,  piercing  it  at  ac  and  Ic  \  (7  is  the 
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link  joining  A  and  B.  Applying  the  principles  that  the  three 
points  al,  ac,  and  Ic  must  lie  in  the  same  straight  line  (§  8),  and 
that  the  angular  velocities  of  points  having  the  same  linear  velocity 
are  inversely  as  their  radii  (§  19),  the  location  of  ab,  which  is  a 
point  common  to  both  A  and  B,  can  be  found  by  dividing  (ac)(bc) 
into  two  parts  proportional  to  the  required  angular  velocities  of  the 
bodies,  so  that 

(ab)(bc)  _    V°A 

(alt)  (etc)  ~~~  V°B' 
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Since  the  velocity  ratio  is  to  be  constant,  the  centrodes  of  A  and 
B  are  circles  with  centres  at  ac  and  be.  Therefore,  by  attaching 
two  circular  cylinders  to  A  and  B,  of  such  diameters  that  they  are 
in  contact  on  a  line  projected  at  db,  the  required  velocity  ratio  could 
be  obtained  by  rotating  one  as  a  driver,  provided  no  slipping  were 
to  occur  between  the  cylinders.  In  practice  some  slipping  does 
take  place  between  such  surfaces,  especially  when  power  is  trans- 
mitted, so  it  is  found  necessary  to  make  intermeshing  projections 
and  recesses  on  the  cylinders  which  engage  with  each  other  in  such 
a  manner  as  to  prevent  slipping.  When  this  is  done,  the  cylinders 
do  not,  of  course,  exist  longer,  but  they  are  still  considered  as  im- 
aginary, and  are  called  the  "pitch  cylinders."  The  projections  or 
sections  of  these  imaginary  cylinders  are  called  "pitch  circles," 
The  point  of  taugency  of  the  pitch  circles,  ab,  is  called  the  "  pitch 
point." 

29.  Tooth  curves  for  a  constant  velocity  ratio. — When  teeth 
are  formed  on  the  cylinders  as  described  in  the  preceding  paragraph,, 
each  becomes  a  "spur  gear."  In  order  that  the  velocity  ratio  shall 
be  absolutely  constant,  not  only  for  complete  revolutions,  but  at  any 
instant,  which  means  that  a  point  on  the  pitch  circle  of  one  shall 
have  exactly  the  same  linear  velocity  as  a  point  on  the  other  pitch 
circle  at  any  instant,  it  is  necessary  for  the  teeth  to  be  formed  with 
special  regard  to  a  constant  velocity  ratio.  Gears  that  do  not  have 
the  teeth  so  formed  are  not  only  noisy  when  running  rapidly,  but. 
are  unfit  for  use  in  some  cases  on  account  of  producing  vibration  in 
the  machinery  or  not  giving  the  required  uniform  velocity  ratio. 

It  can  be  seen  from  the  above  that,  at  whatever  points  on  their 
curves  a  pair  of  teeth  are  in  contact,  the  velocity  ratio  must  be  the 
same  as  when  other  points  are  in  contact.  That  is,  the  velocity 
ratio  must  be  the  same  as  if  the  pitch  cylinders  were  rolling  together 
without  slipping. 

In  Fig.  32,  A  and  B  are  a  pair  of  teeth  of  the  gears  whose  pitch 
circles  are  in  contact  at  db.  Since  every  point  in  B  moves  relatively 
to  A  about  ab  as  a  centre,  the  point  d,  where  the  teeth  are  in  con- 
tact, considered  as  a  point  in  B,  must  move  at  right  angles  to  d(db). 
In  order  to  permit  this  motion,  the  curve  of  A  at  this  point  must 
be  perpendicular  to  d(db),  that  is,  tangent  to  TT',  which  is  at  right 
angles  to  d(ab).  The  motion  of  A  relatively  to  B  is  also  about  ctb 


TOOTHED   GEARS. 


as  a  centre,  and  therefore  d,  as  a  point  in  A,  moves  along  TT\ 
which  requires  the  curve  of  B  to  be  perpendicular  to  d(ab).  The 
only  motion  that  can  take  place  between  the  teeth  is,  therefore, 


-slipping  at  right  angles  to  the  line  joining  the  point  of  contact,  d, 
to  the  virtual  centre  ab. 

The  above  conditions  may  be  stated  as  follows :  In  order  for  a 
pair  of  gear  teeth  to  transmit  a  constant  velocity  ratio,  the  curves 
must  be  such  that  a  perpendicular  to  them  at  their  point  of  con- 
tact at  any  instant  will  pass  through  the  pitch  point. 

When  a  suitable  curve  has  been  selected  for  one  tooth,  that  of 
the  one  to  engage  with  it  can  be  found  by  the  method  shown  in 
Pig.  33,  where  A  and  B  are  the  centres  of  two  gears  whose  pitch 
point  is  P,  and  abe  is  a  given  tooth  curve  on  A. 

Cut  two  disks  from  thin,  transparent  sheet  celluloid  matted  on 
one  side,  or  tracing-cloth,  to  a  radius  somewhat  less  than  AB,  draw 
the  pitch  circle  of  A  on  one  piece  and  pin  it  to  the  draughting- 
board  at  A.  through  the  centre  of  the  circle.  Trace  the  given  curve 
<tbe  upon  the  disk,  and  draw  perpendiculars  to  the  curve  at  a  and 
€,  intersecting  the  pitch  circle  at  g  and  It.  Now  draw  the  pitch 
circle  of  B  on  the  remaining  disk,  and  pin  it  to  the  board  at  B,  so 
that  the  pitch  circles  are  tangent  at  P.  Graduate  the  pitch  circles 
l^y  lines  uniformly  spaced  at  equal  distances  apart  on  both.  These 
graduations,  when  near  together,  can  be  used  for  turning  the  disks 
as  if  they  were  rolling  together  without  slipping  on  each  other. 
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Eotate  the  disks  as  if  they  were  rolling  together  on  their  pitch  circles, 
until  g  and  g'  coincide  with  P,  and  a  lies  at  A  \  then,  since  g  has 
become  the  pitch  point,  and  ga  is  perpendicular  to  the  tooth  curve, 
A'  must  be  the  point  of  contact  between  the  given  tooth  and  the  one 
to  be  found,  A  point  marked  on  B  to  coincide  with  A'  when  g  and 
//'  are  both  at  P  is,  therefore,  a  point  on  the  required  curve.  Eotate 
the  disks  again  until  b  coincides  with  P\  then  ~b  is  the  point  of 
tooth  contact,  for  it  lies  on  the  pitch  circle.  Mark  V  directly  over 


FIG.  33. 

I  as  another  point  in  the  required  curve.  Eotate  the  disk  a  third 
time,  so  that  h  and  h'  lie  at  P,  and  e  at  E' ',  then  e',  coincident  with 
e  and  E'  for  this  position  of  the  disks,  is  a  third  point  on  the  curve. 

A  curve  drawn  through  a'Ve,  perpendicular  to  a'g'  and  e'h', 
gives  the  approximate  tooth  outline.  For  greater  accuracy,  more 
points  must  be  taken  on  the  given  curve  and  the  corresponding 
points  determined  on  the  required  curve. 

However  numerous  the  lines  drawn  normal  to  the  tooth  curve, 
none  of  them  can  intersect  another  between  the  curve  and  the 
pitch  circle.  Such  an  intersection  would  indicate  a  reverse  bend  in 
the  tooth  curve,  and  that  the  point  of  contact  of  the  tooth  with  its 
mate  moves  back  and  forth  along  the  curve,  which  is  impossible. 
The  point  of  contact  must  move  through  consecutive  positions  on 
the  tooth  curve,  which  must  correspond  to  consecutive  positions  of 
the  pitch  point  on  the  pitch  circles. 

While  any  of  an  exceedingly  great  number  of  tooth  curves  will 
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answer  to  transmit  a  constant  velocity  ratio,  there  are  but  few  in 
practical  use  to  any  great  extent.  These  are  generally  chosen  with 
regard  to  the  comparative  ease  with  which  they  can  be  developed 
and  constructed.  A  few  of  the  more  common  ones  will  be  de- 
scribed. 

30.  Cycloidal  tooth  curves. — In  Fig.  34,  let  A,  B,  and  D  be 
three  disks  whose  centres  are  in  a  straight  line,  P  being  their  com- 
mon point  of  tangency.  Let  their  initial  positions  be  such  that  a, 
&,  and  d  coincide  with  P.  By  pressing  the  disks  together  so  that 


FIG.  34. 

there  can  be  no  slipping  between  their  curved  surfaces,  and  rotating 
them  about  their  centres  in  the  directions  indicated  by  the  arrows, 
d  will  simultaneously  trace  the  hypocycloid  adg  upon  A,  and  the 
epicycloid  bdh  upon  B.  (There  must  necessarily  be  a  piece  of 
cardboard  or  similar  material  projecting  beyond  the  disk  B,  in  order 
to  furnish  a  surface  for  tracing  bdh.) 

Since  d  traces  the  curves  on  A  and  B  simultaneously,  they  must 
touch  each  other  at  a  point  coincident  with  d  at  any  instant  during 
their  contact  while  in  motion.  Also,  P  is  the  centre  of  the  motion 
of  the  disks  relatively  to  each  other  at  every  instant.  Therefore  d 
moves,  relatively  to  A  and  B,  at  right  angles  to  Pd. 

This  is  the  condition  required,  according  to  §  29,  for  the  trans- 
mission of  a  constant  velocity  ratio,  namely  :  The  normal  to  the 
tooth  curves  at  their  point  of  contact  must  pass  through  the  pitch 
point. 

NOTE. — It  should  be  observed  that  if  the  rotation  is  the  reverse 
of  that  indicated  in  Fig.  34,  so  that  the  point  of  contact  approaches 
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the  pitch  point  instead  of  receding  from  it,  the  conditions  of  a 
constant  velocity  ratio  still  remain  true. 

The  describing  circle  D  can  have  any  diameter  and  the  described 
curves  will  still  be  such  that  they  will  work  together  correctly. 
When  its  diameter  is  taken  equal  to  the  radius  of  A,  d  traces  a 
straight  line,  which  is  a  diameter  of  A.  As  the  diameter  of  D  in- 
creases further,  the  curve  adg  on  A  becomes  convex  on  the  side 
next  to  the  centre  of  D  and  remains  so  until  the  describing  circle  is 
of  the  same  size  as  A,  when  the  curve  is  reduced  to  a  point  because 
there  can  be  no  rolling  motion  of  D  upon  A.  'When  the  diameter 
of  D  is  the  same. as  that  of  A,  the  point  d  still  traces  an  epicycloid 
on  B.  Therefore  a  pin  without  sensible  diameter,  attached  to  A 
at  d,  will  engage  with  the  epicycloid  traced  by  itself  upon  B,  and 
will  transmit  a  constant  velocity  ratio.  Practically,  a  pin  of  sen- 
sible diameter  must  be  used.  The  tooth  curve  to  engage  with  it 
for  a  constant  velocity  ratio  can  be  found,  as  shown  in  Fig.  35,  by 
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drawing  a  number  of  circles  with  centres  on  the  epicycloid  to 
represent  several  positions  of  the  pin,  and  then  drawing  a  tangent 
to  them. 

31.  Double-curve  teeth. — In  Figs.  34  and  35  it  can  be  seen 
that,  as  the  point  of  contact  recedes  from  the  pitch  point,  the 
virtual  radius  Pd  increases;  therefore  the  slipping  between  the 
teeth  increases.  Also,  if  power  is  transmitted  by  one  gear  driving 
the  other,  the  pressure  between  the  teeth  increases  as  the  point  of 
contact  recedes  from  the  pitch  circles;  for  the  pressure  between  the 
teeth  is  normal  to  their  working  surfaces  at  the  point  of  contact, 
friction  neglected,  and  its  line  of  action  passes  through  the  pitch 
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point;  therefore  the  lever-arms  about  the  axes  of  the  gears  are 
shortened  as  Pd  increases  in  length,  and  consequently  the  pressure 
between  the  teeth  must  increase  in  order  to  keep  the  torsional 
moment  constant. 

Owing  to  the  above  facts,  only  a  small  portion  of  the  curves  are 
used  in  practice  in  order  to  secure  economy  of  power  and  durability 
of  gearing  by  having  a  minimum  amount  of  pressure  and  slipping 
between  the  teeth. 

Let  bdy  Fig.  36,  be  the  portion  of  the  curve  on  B  chosen  to  be 
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used ;  then  ad  is  the  part  of  the  curve  on  A  that  will  engage  with 
it.  Since  d  is  the  most  distant  working  point  on  bd,  measured 
from  B,  there  is  no  necessity  for  the  tooth  on  B  to  extend  beyond 
a  circle  of  radius  Bd.  The  material  of  A  must  be  cut  away 
sufficiently  to  clear  the  point  of  the  tooth  R. 

The  curves  ad  and  Id  remain  in  contact  while  A  rotates  through 
the  angle  PAa,  and  B  through  the  angle  PBb.  The  arcs  Pa  and 
Pb  are,  of  course,  of  equal  lengths. 

In  order  for  the  gears  to  continue  their  relative  motion  after 
passing  through  these  angles,  there  could  be  another  pair  of  curves 
placed  as  shown  in  the  figure,  so  as  to  come  in  contact  at  e  at  the 
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instant  of  the  separation  of  the  first  pair.  This  second  pair  of  teeth 
would  remain  in  contact  while  the  gears  rotate  through  the  angle 
a'Aa  and  b'Bb  respectively,  and  transmit  a  constant  velocity  ratio. 
(See  note  to  §  30.)  When  a'  and  V  coincide  with  P,  the  conditions 
are  the  same  as  when  a  and  b  were  at  P\  hence  the  second  pair  of 
teeth  can  be  similar  to  those  first  considered  in  action,  and  so  on  for 
other  pairs. 

Teeth  which  work  together  as  their  point  of  contact  recedes 
from  the  pitch  point  run  more  easily  and  quietly  than  when  the 
point  of  contact  approaches  the  pitch  point.  In  order  to  have  con- 
tact on  only  one  side  of  the  pitch  point,  the  teeth  would  have  to  be 
made  of  single  curves,  those  of  one  gear  extending  above  the  pitch 
circle,  and  those  of  the  other  lying  below  it. 

In  general  practice,  however,  it  is  usually  found  advisable  to  use 
two  curves  meeting  at  the  pitch  circle  to  form  each  side  of  every 
cycloidal  tooth.  This  is  done,  as  shown  in  Fig.  36,  by  using  two 
describing  circles,  D  and  E,  the  curves  generated  by  D  being  ad 
and  bd,  and  those  by  E,  a'e  and  b'e.  By  this  means  the  distance 
between  the  working  sides  of  the  consecutive  teeth  on  a  gear  can 
be  made  greater,  and  the  portion  of  the  curves  used  shorter,  than 
when  only  the  curves  drawn  by  the  describing  point  on  one  circle 
are  utilized.  Both  sides  of  a  tooth  are  usually  made  of  the  same 
outline  so  that  the  gears  will  run  equally  well  in  either  direction 
and  with  either  as  driver. 

Double-curve  teeth  are  those  having  the  working  part  of  each 
side  made  up  of  two  curves  as  described  above.  In  such  teeth  the 
two  generating  circles  can  have  either  the  same  or  different  diam- 
eters, as  best  suits  the  case.  Standard  gears  generally  have  both 
these  rolling  circles  of  the  same  diameter. 

32.  Definitions. — The  angle  .through  which  a  gear  rotates  while 
one  of  its  teeth  remains  in  contact  with  its  mate  on  the  gear  that 
meshes  with  it,  is  the  angle  of  action.  For  the  gear  A,  in  Fig. 
36,  the  angle  of  action  is  a'Aa,  and  the  corresponding  arc,  a' Pa,  is 
the  arc  of  action.  The  angle  a'AP,  passed  through  while  the  con- 
tact point  is  approaching  the  pitch  point,  is  the  angle  of  approach, 
and  PAa,  passed  through  while  it  is  receding  from  the  pitch  point, 
is  the  angle  of  recess.  The  corresponding  arcs  are  the  arc  of  ap- 
proach and  the  arc  of  recess.  The  distance,  measured  along  the 
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pitch  circle,  between  similar  points  of  adjacent  teeth,  is  the  circular 
pitch.  In  practice,  the  circular  pitch  is  about  two-thirds  of  tin- 
arc  of  contact.  Diametral  pitch  is  the  number  of  teeth  per  inch  of 
diameter  oi:  the  pitch  circle  of  a  gear.  Thus,  if  a  gear  has  36  teeth 
and  is  3  inches  in  diameter,  its  diametral  pitch  is  36  -r-  3  =  12. 
It  can  be  seen  that 

(Diametral  pitch)  .  (Circular  pitch)  =  n. 

The  addendum  circle  bounds  the  ends  of  the  teeth.  The  work- 
ing-depth circle  lies  below  the  pitch  circle  a  distance  equal  to  that 
of  the  addendum  circle  above  it;  it  does  not  indicate,  however,  that 
the  sides  of  the  teeth  come  in  contact  with  their  mates  to  this  depth. 
The  whole  depth  or  root  circle  lies  inside  of  the  working-depth 
circle  a  distance  equal  to  the  clearance  allowed  for  the  points  of  the 
intermeshing  teeth.  The  working  surface  of  the  tooth  above  the 
pitch  line  is  the  face ;  that  below,  the  flank.  Backlash  is  the  dif- 
ference between  the  thickness  of  a  tooth  and  the  space  into  which 
it  meshes,  measured  on  the  pitch  circle.  On  accurately  cut  gears 
the  thickness  of  the  teeth  is  almost  exactly  equal  to  the  widtli  of 
the  space.  In  rough  cast  gears  backlash  must  be  allowed  for  irreg- 
ularities. 

Fig.  57,  page  65,  shows  the  ordinary  form  of  teeth  with  names 
of  parts. 

In  recent  years  there  is  a  strong  tendency  toward  the  use  of 
shorter  teeth,  especially  when  they  are  to  perform  heavy  service. 
Several  examples  of  large  gears  with  short  teeth  are  now  giving 
excellent  service  in  places  where  the  more  common  proportions,  as 
referred  to  above,  have  been  unsuccessful. 

33.  Path  of  contact. — When  the  three  disks  in  Fig.  34  rotate 
about  their  centres,  the  point  d  traces  an  arc  of  a  circle  on  the 
draughting-board,  which  is  the  locus  of  the  points  of  contact  be- 
tween the  teeth;  therefore  the  path  of  contact  between  cycloidal 
gear  teeth  is  an  arc  of  a  circle. 

When  contact  is  on  both  sides  of  the  pitch  point,  as  in  Fig.  36, 
the  path  of  contact  is  composed  of  two  arcs  of  circles  meeting  at  the 
pitch  point.  In  Fig.  36  the  path  of  contact  is  along  the  arcs  eP 
and  Pd. 

Fig.  37  shows  double-curve  gears  in  mesh.  When  A  is  the  driver,. 
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rotation  being  as  indicated,  contact  is  along  d'Pe' ;  should  B  drive, 
contact  would  be  along  ePd.     The  length  of  the  path  of  contact  is 


Double  curve  gears  in  mesh 


FIG.  37. 


the  same  as  that  of  the  arc  of  contact,  measured  on  the  pitch  circle 
of  either  gear. 

34.  Involute  tooth  curves.  —  In  Fig.  38,  a  is  a  short  cylin- 
drical drum  with  a  cardboard  disk  A  attached  to  it;  D  is  a  straight- 
edge with  a  tracing-point  on  its  edge  at  d. 

Suppose  that  D  is  placed  tangent  to  a  at  T',  as  shown  in  the 
figure,  and  rolled  about  a  without  slipping,  until  d  and  the  point 
of  tangency  coincide  at  T.  During  this  motion  d  will  trace  an 
involute  curve  on  A.  At  any  instant  during  the  motion,  d  moves 
about  the  tangent  point  as  a  centro.  Therefore  a  line  perpendicu- 
lar to  the  curve  at  any  point  is  a  tangent  to  the  drum ;  and,  con- 
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versely,  any  tangent  to  the  drum  on  the  concave  side  of  the  involute 
intersects  the  curve  at  right  angles. 

The  curve  traced  on  A  would  have  been  exactly  the  same  if  the 


FIG.  38. 

straight-edge  had  been  moved  in  the  direction  of  its  length,  causing 
the  drum  and  disk  to  rotate  about  their  common  centre  until  d  came 
into  coincidence  with  T. 

In  Fig.  39,  A  and  B  are  two  disks  whose  pitch  point  is  at  P; 
gh  is  the'  edge  of  a  strip  of  thin  material  corresponding  to  the  tan- 
gent side  of  the  straight-edge  in  Fig.  38,  stretched  across  P  and 
wound  on  the  drums  or  base  cylinders  a  and  /?,  whose  radii  are  pro- 


FIG.  39. 

portional  to  A  and  B.  If  A  and  B  are  rotated  without  slipping  on 
each  other  at  P,  the  strip  will  unwind  from  one  base  cylinder  and 
wind  upon  the  other,  always  keeping  taut,  and  a  point  d,  on  gh,  will 
trace  the  involutes  ada'  and  Mb'  upon  A  and  B  respectively. 

(The  proof  that  gh  will  keep  taut  is  as  follows:  P  is  a  point 
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common  to  both  A  and  B,  and  has  the  same  linear  velocity  in  each; 
a  and  b  are  points  on  the  surfaces  of  the  base  cylinders.  Since  the 
linear  velocities  of  points  in  the  same  body  are  proportional  to  their 
distances  from  the  centre  of  rotation, 


. 

Pa 

and  V-.h 


Therefore  V-.g  :  F-.  A  =  -fg- :  •£%. 

But  -£-  = 


Therefore  V-.g  =  V-.li, 

which  shows  that  the  surface  velocities  of  the  two  base  circles  are 
the  same.  This  being  true,  the  band  will  unwind  as  rapidly  from 
one  drum  as  it  is  taken  up  by  the  other.) 

The  point  d  traces  the  curves  on  A  and  B  simultaneously; 
therefore  they  must  be  tangent  at  d.  Also,  gh  is  perpendicular  to 
both  curves  at  their  point  of  contact  and  passes  through  the  pitch 
point.  These  are  the  requirements  of  a  tooth  curve  for  a  constant 
velocity  ratio.  (§29.) 

The  point  of  contact  between  the  curves  always  lies  on  gh\ 
therefore,  for  involute  teeth,  the  path  of  contact  is  a  straight  line. 

In  practice  the  path  of  contact  is  generally  taken  at  an  angle 
of  about  75°  with  the  line  of  gear  centres.  This  refers  to  the 
angle  gPct  in  the  figure. 

It  is  a  notable  fact  that,  with  involute  gear  teeth,  the  distance 
between  the  axes  of  a  pair  of  gears  can  be  changed,  within  the 
limits  of  practical  working,  without  affecting  the  velocity  ratio. 
This  is  due  to  the  fact  that  changing  the  distance  between  the  cen- 
tres does  not  change  the  form  of  the  involute  curve  so  long  as  the 
base  circles  retain  their  original  diameters.  The  only  changes  are 
in  the  obliquity  of  gh  and  the  diameters  of  the  pitch  circles. 
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RACKS. 

35.  A  rack  is  a  straight  bar,  generally  rectangular,  with  gear 
teeth  cut  on  one  or  more  sides  of  it.     The  pitch  line  is  a  straight 
line,  and  therefore  its  radius  is  infinite. 

36.  Cycloidal  rack. — Fig.  40  shows  the  pitch  circle  GH,  and 
addendum  circle  //,  of  a  spur  gear  which  is  to  mesh  with  a  rack 
whose  pitch  line  is  MN  and.  addendum  line  KL,  the  pitch  point 
being  at  P. 

D  and   E  arc  the  describing   circles  for   the  cycloidal   teeth* 
When  A  is  rotated  and  the  rack  moves  toward  the  left  without 


OA 


H 


slipping  between  the  pitch  lines  at  P,  a  point  on  D,  starting  from 
P,  will  trace  a  hypocycloid  on  A  and  a  cycloid  on  the  rack  at  the 
same  time.  Also,  a  point  on  E  will  trace  an  epicycloid  on  A  and  a 
cycloid  on  the  rack  simultaneously.  The  curves  traced  at  the  same 
time  will  work  together  to  transmit  a  constant  velocity  ratio,  which, 
since  the  radius  of  the  rack  is  infinite,  must  be  the  ratio  of  linear 
velocities.  A  point  on  the  pitch  circle  of  the  gear  moves  with  the 
same  linear  velocity  as  every  point  of  the  rack. 

If  the  rack  moves  toward  the  left  and  drives  the  gear,  contact 
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between  a  pair  of  teeth  begins  at  s,  follows  the  double-arc  curve  sPo 
and  ends  at  o.  Should  A  rotate  counter-clockwise  and  drive  the 
rack,  contact  would  begin  at  o  and  end  at  s. 

Since  the  rack  is  straight,  it  is  impossible  for  motion  to  be  con- 
tinuous in  one  direction  or  '•"  sense,"  and,  as  it  must  be  reciprocating, 
it  is  necessary  in  many  cases  that  the  teeth  be  made  so  that  driving 
can  take  place  in  both  directions  by  either  the  gear  or  the  rack. 
Teeth  of  the  form  shown  in  Fig.  57  are  generally  used. 

37.  Involute  racks  can  also  be  made.  In  Fig.  41,  GH  and.  MN 
are  the  pitch  circle  and  pitch  line,  and  //  and  KL  the  addendum 


FIG.  41. 

lines  of  the  gear  A  and  the  rack.  DE  is  the  base  cylinder  of  A. 
The  radius  of  the  base  cylinder  of  the  rack  is  infinite,  therefore  its 
involute  is  a  straight  line  perpendicular  to  the  line  passing  through 
P  and  tangent  to  the  base  cylinder  of  A.  By  rotating  A  and  sliding 
the  rack  so  that  there  will  be  no  slipping  at  P,  a  point  on  the  ribbon 
gli,  will  describe  an  involute  on  A,  and  a  straight  line  on  the  rack, 
which  will  serve  for  tooth  curves  to  transmit  a  constant  velocity 
ratio. 

With  A  driving  clockwise,  tooth  contact  will  be  along  the  line 
oPs,  beginning  at  o  and  ending  at  s. 

In  practice  the  angle  gPA  is  taken  about  75°  generally,  for 
racks  as  well  as  spur  gears. 
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ANNULAR    GEARS. 

38.  When  both  centres  of  a  pair  of  gears  lie  on  the  same  side  of 
the  pitch  point,  the  smaller  is  an  ordinary  spur  gear,  but  the  teeth 
of  the  larger  must  be  cut  on  the  inside  of  an  annular  ring  of  the 
material  used.     Such  a  gear  is  called  an  annular  or  internal  gear. 

39.  Cycloidal  annular  gears. — The  method  of  obtaining  the 
curves  of  such  a  pair  of  cycloidal  gears  is  shown  in  Fig.  42,  where 


A  and  B  are  the  centres  of  the  spur  and  annular  gears  respectively ; 
D  and  E  are  the  centres  of  the  describing  circles;  GH  is  the  pitch 
circle  and  //the  addendum  circle  of  A;  and  MN is  the  pitch  circle 
and  KL  the  addendum  circle  of  B. 
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When  rotation  takes  place  without  slipping  at  the  pitch  point 
P,  a  point  on  D  will  simultaneously  describe  hypocycloids  on  both 
A  and  £,  which  will  engage  correctly  for  a  constant  velocity  ratio. 
During  the  rotation  a  point  on  E  will  trace  epicycloids  on  A  and  B5 


FIG.  43. 

which  will  engage  correctly  for  a  constant  velocity  ratio.  If  A 
drives,  rotating  clockwise,  contact  begins  at  o  and  ends  at  s. 

The  teeth  of  a  cycloidal  annular  gear  have  exactly  the  same 
form  as  the  spaces  of  a  spur  gear  of  the  same  pitch  and  pitch 
diameter,  if  no  allowance  is  made  for  backlash. 

40.  Involute  annular  gears. — In  Fig.  43,  A  and  B  are  the 
centres  of  two  gears  whose  pitch  point  is  at  P,  that  are  to  have  in- 
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volute  teeth.  If  the  direction  of  the  line  of  contact  is  given,  it  can 
be  drawn  through  P,  making  the  given  angle  BPo  with  the  line  of 
centres.  The  base  circles  (or  cylinders)  DE  and  QR  are  then 
drawn  with  centres  at  A  and  B,  and  tangent  to  the  line  of  contact. 
Both  points  of  tangency  lie  on  the  same  side  of  P,  so  that  a  band  or 
cord  can  not  be  used  in  the  same  way  as  in  Fig.  39  to  carry  the 
tracing-point;  but  a  straight-edge  such  as  is  shown  in  Fig.  38  can 
be  placed  tangent  to  both  cylinders,  and,  when  it  is  moved  along 
without  slipping  on  them,  a  point  on  the  tangent  edge  will  trace  the 
proper  involutes  on  the  gear  blanks. 

Another  method  is  to  wrap  a  band  or  cord  around  one  cylinder 
— either  will  answer — and  carry  it  over  a  pulley  V,  Fig.  43,  so  that 
it  passes  through  P,  and  attach  a  weight  to  the  free  end. 

If  the  cord  is  wound  on  the  large  cylinder,  or,  if  the  straight- 
edge is  used,  the  curves  traced  will  be  as  shown  in  the  figure,  each 
starting  from  its  base  circle.  But  if  the  band  is  wound  on  the  small 
cylinder,  only  that  part  of  the  involute  of  QR  lying  beyond  a  circle 
of  radius  Bo  will  be  traced.  Moreover,  this  is  the  only  part  of  the 
involute  bb'  that  is  traced  simultaneously  with  aa' ,  whatever  method 
is  used;  hence  it  is  the  only  part  of  the  curve  thai  is  useful. 
Therefore  the  teeth  can  be  shortened  and  the  arc  of  contact  kept 
the  same  by  making  the  addendum  circle  of  B  pass  through  o 
instead  of  occupying  the  position  KL,  as  shown  in  the  figure.  Its 
correct  position  is  through  o.  Contact  begins  at  o  and  ends  at  s 
when  A  drives  clockwise. 

Two  spur  gears,  meshing  together,  rotate  in  opposite  directions. 
A  spur  and  annular  gear  rotate  in  the  same  direction. 

INTERCHANGEABLE    SETS   OF   GEARS. 

41.  Cycloidal  gears  can  be  made  so  that  any  two  or  more  of  a  set 
having  the  same  pitch  will  mesh  together  properly.  In  order  to  do 
this  they  must  be  developed  with  the  same  diameter  of  describing 
circles.  In  Fig.  37,  assume  that  the  describing  circles  D  and  ^have 
equal  diameters.  Now  suppose  A  to  be  replaced  by  any  other  gear 
blank  C,  not  shown.  The  tracing-points  on  the  describing  circles 
will  trace  suitable  curves  on  C  to  mesh  with  B.  Again,  substitute 
(7  for  B  in  the  pair  AB,  and  trace  the  curve  on  C  that  will  engage 
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with  the  teeth  of  A  properly.  The  curves  traced  on  C  when  it 
replaces  A  are  exactly  the  same  as  when  it  is  substituted  for  B,  be- 
cause the  same  diameters  of  describing  circles  are  used  in  both  cases 
to  describe  both  the  hypocycloids  and  epicycloids;  therefore  C  will 
mesh  with  either  A  or  B.  A  fourth  gear  having  teeth  developed  by 
the  same  describing  circles  will  mesh  with  A,  B,  or  C.  And  so  on 
for  any  number  of  gears,  including  the  rack  and  annular  gears,  the 
latter,  however,  having  a  limit  as  to  smallness  of  diameter.  Three 
or  more  such  gears  form  an  interchangeable  set  of  gears. 

42.  Interchangeable  involute  gears  must  have  the  same  pitch 
and  a  constant  angle  embraced  between  the  line  of  centres  and  a 
common  tangent  to  the  base  cylinders. 

In  Fig.  39,  take  gh  as  the  given  direction  of  the  tangent  to  the 
base  cylinders  a  and  ft  of  the  gears  A  and  B,  whose  pitch  point  is 
at  P.  A  point  d  on  gh  traces  involutes  that  work  together  properly 
for  a  constant  velocity  ratio.  If  A  is  replaced  by  any  other  gear  (7, 
tangent  to  B  at  P,  and  whose  base  circle  is  tangent  to  gh,  the  in- 
volute traced  by  d  on  C  will  engage  properly  with  the  involute  of 
B.  By  putting  C  in  place  of  B,  its  base  circle  will  remain  un- 
changed in  size,  hence  its  involute  is  unchanged,  and  is  the  correct 
one  to  engage  with  A  for  a  constant  velocity  ratio.  The  same  in- 
volute on  C  will,  therefore,  engage  properly  with  both  A  and  B. 
Since  A,  B,  and  C  may  have  any  number  of  teeth,  any  number  of 
gears  will  mesh  with  each  other  when  they  have  the  same  pitch  and 
angle  of  obliquity. 

The  angle  of  obliquity  is  the  angle  between  the  common  tangent 
to  the  base  cylinders  and  a  tangent  to  the  pitch  circles  at  P. 


Laying  out  gear  teeth. 

43.  Exact  methods  for  laying  out  cycloidal  teeth  — 1st  method. 
— Cut  from  a  thin  piece  of  wood  two  templates,  as  A  and  B,  Fig.  44, 
one  convex  and  the  other  concave  on  one  side,  both  having  curves 
of  the  same  radius  as  the  pitch  circle  of  the  gear  upon  which  the 
teeth  are  to  be  developed.  Also  cut  a  disk  of  the  same  diameter  as 
the  describing  circle  selected,  and  attach  a  pencil  to  it  so  that  the 
point  is  exactly  on  the  circumference.  The  point  should  project 
slightly  below  the  surface  of  one  side  of  the  disk,  so  that  when  the 
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latter  is  moved  over  the  paper  a  line  will  be  drawn  by  the  pencil 
point. 

Now  draw  the  pitch  circle,  full  size,  on  the  paper,  and  divide  it 
into  as  many  equal  parts  as  there  are  to  be  teeth  in  the  gear.  Take 
one  of  these  points,  as  P,  for  the  pitch  point  of  one  tooth  curve. 
Place  A  so  that  one  end  of  the  convex  side  is  at  P,  the  curve  of 
the  template  coinciding  with  the  pitch  circle  above  P.  Lay  the 
disk  on  the  paper  with  the  tracing-point  at  P,  and  then  roll 


FIG.  44. 


it  along  the  convex  side  of  A.  By  doing  this  the  epicycloid  PI)  is 
drawn.  Now  remove  A  and  place  B  so  that  one  end  lies  at  P  and 
the  concave  edge  lies  on  the  pitch  circle  below  P.  Put  the  tracing- 
point  of  the  disk  at  P  and  roll  the  disk  along  the  concave  side  of 
B.  This  gives  the  hypocycloid  Pa. 

The  two  curves  Pa  and  Pb  form  the  outline  of  one  side  of  a 
tooth. 

By  cutting  a  template  to  fit  the  portion  of  the  tooth  curve  to  be 
used,  and  pivoting  it  at  the  centre  of  the  pitch  circle,  it  can  be 
swung  about  its  pivot  and  brought  successively  into  the  positions  for 
drawing  the  curves  through  the  points  previously  marked  on  the 
pitch  circle. 

The  thickness  of  the  teeth  can  now  be  laid  off  from  the  curves 
just  drawn,  and  if  the  teeth  are  to  have  the  same  form  on  both 
sides,  as  is  ordinarily  the  case,  the  tooth-curve  template  can  be 
turned  over  and  pivoted  to  the  centre  again  for  drawing  the  re- 
maining sides  of  the  teeth. 

If  the  teeth  are  to  have  different  forms  on  their  opposite  sides, 
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the  curves  must  be  developed  by  the  same  method  as  the  first  ones, 
and  another  template  brought  into  use. 

2d  method. — Another  method  which  is  more  readily  applicable 
in  the  dranghting-room  than  the  preceding  one,  and  is  probably  as 
accurate  when  carefully  executed,  is  as  follows :  Draw  the  pitch  circle 
on  the  paper  and  the  describing  circle  on  the  matted  side  of  a  thin 
piece  of  transparent  celluloid.  Place  the  circles  tangent  to  each 
other,  and  pin  them  together  with  a  fine  needle  stuck  through  the 
point  of  taugency  and  normal  to  the  paper.  Take  a  second  needle 
and  pierce  the  celluloid  and  paper  with  it  where  the  separation  of 
the  two  circles  is  just  visible ;  it  will  be  assumed  that  this  is  done 
on  the  right  hand-side  of  the  first  needle.  Eemove  the  first  needle 
and  revolve  the  celluloid  about  the  second  until  the  circles  are 
tangent  on  the  right-hand  side.  Mark  the  paper  by  sticking  the 
free  needle  through  the  first  hole  made  in  the  celluloid.  Then,  with 
the  same  needle,  pierce  the  celluloid  and  paper  as  before  at  the 
point  of  separation  of  the  circles  at  the  right  of  the  needle  sticking 
in  the  board.  Eemove  the  needle  next  to  the  starting-point,  rotate 
the  celluloid  again,  and  puncture  the  paper  by  sticking  the  free 
needle  through  the  first  perforation  in  the  celluloid.  By  continuing 
this  operation,  a  number  of  points  on  the  tooth  curve  are  obtained, 
through  which  the  epicycloidal  portion  of  the  tooth  curve  can  be 
drawn.  The  hypocycloid  is  obtained  in  the  same  manner  by  putting 
the  describing  circle  inside  of  the  pitch  circle. 

By  using  very  fine  needle-points  the  motion  of  the  two  circles 
relatively  to  each  other  is  only  very  slightly  different  from  a  true 
rolling  motion,  and  with  careful  work  the  curves  can  be  relied  upon 
as  being  practically  accurate. 

44.  Exact  methods  for  laying  out  involute  teeth. — 1st  method. 
First  draw  the  pitch  circle.  This  is  represented  in  Fig.  45  by  the 
circle  of  radius  BP.  Through  any  point  P  draw  a  radial  line  PB, 
and  the  line  CD  making  a  chosen  angle  /?  with  it.  With  B  as  a 
centre  draw  a  circle  tangent  to  CD.  This  is  the  base  circle  for  de- 
veloping the  involute. 

Cut  a  template  EF  to  fit  the  base  circle  on  the  concave  side, 
and  attach  a  fine  wire  to  it  near  one  end  of  the  convex  side.  At- 
tach a  pencil  point  to  the  free  end  of  the  wire  so  that  when  the 
latter  is  wound  on  the  curve  of  the  template  the  pencil  point  will 
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lie  against  the  curved  side.  Now  place  the  template  with  the  curved 
edge  on  the  base  circle  and,  keeping  the  wire  taut,  move  the  pencil 
point  away  from  the  template,  thus  tracing  a  curve  on  the  paper 
which  is  an  involute  of  the  base  circle. 

If  it  is  desired  to  have  the  involute  pass  through  any  particular 
point  on  the  pitch  circle,  the  pencil  can  be  placed  at  this  point, 
and  the  template  adjusted  accordingly. 

The  involute  curve  cannot  extend  farther  below  the  pitch  circle 
than  the  base  circle.  Hence,  if  the  teeth  are  to  be  cut  deeper 

A 

'D 


FIG.  45. 

than  this,  the  curves  oelow  the  base  circle  need  only  be  made  of 
such  a  form  as  will  clear  the  tops  of  the  intermeshing  teeth. 

A  straight-edge  with  a  tracing-point  on  one  edge  can  be  used 
to  roll  on  the  template,  instead  of  the  wire. 

2d  method. — This  is  by  the  use  of  sheet  celluloid,  as  in  the  second 
method  of  §  43.  The  base  line  is  determined  as  in  the  preceding 
paragraph,  and  then  a  straight  line  is  drawn  on  the  celluloid  and 
rolled  along  the  base  circle  by  the  aid  of  needles,  points  on  the 
tooth  curve  being  determined  by  marking  through  a  describing 
point  on  the  straight  line. 

45.  The  Willis  Odontograph  is  a  convenient  instrument  for  ob- 
taining the  approximate  tooth  outlines  for  drawings,  and  even  for 
the  actual  teeth  in  some  classes  of  rough  work.  Its  adaptation  de- 
pends on  the  fact  that  it  is  possible  to  find  an  arc  of  a  circle  that 
closely  coincides  with  the  true  form  of  an  involute  tooth,  and  two 
arcs  that  give  nearly  the  true  form  of  the  double-curve  cycloidal 
tooth. 
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The  form  of  the  instrument  adapted  to  involute  teeth  is  shown 
in  Fig.  46,  this  being  the  only  form  that  is  now  manufactured.  It 
consists  of  a  piece  of  sheet  metal  cut  to  the  form  shown,  the  outer 
edges  making  an  angle  of  75°  with  each  other,  one  of  them  being 


Q 


FIG.  46. 

graduated  in  equal  divisions,  numbered  according  to  a  scale  which 
is  one-quarter  size.  Zero  of  the  scale  is  at  the  angle,  and  the  mark 
1  is  i  of  an  inch  from  zero,  etc. 


6A 


FIG.  47. 


The  directions  for  use  accompanying  the  instrument  are  as  fol- 
lows (Fig.  47):  "Let  A  be  the  centre  and  AE  the  radius  of  the 
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pitch  circle  of  a  proposed  wheel.  Lay  the  instrument  upon  the 
radius  AE  so  that  its  point  coincides  with  the  pitch  circle.  The 
centre  point  will  be  found  at  once  by  reading  off  the  radius  of  the 
wheel  in  inches  upon  the  reduced  scale.  To  describe  the  other 
teeth,  draw  with  centre  A  and  radius  AD,  a  circle  within  the  pitch 
circle,  dotted  in  the  figure.  This  will  be  the  locus  of  the  centres 
of  the  teeth;  then,  having  previously  divided  the  pitch  circle,  take 
the  constant  radius  DE  in  the  dividers,  and  keeping  one  point  in 
the  dotted  circle,  step  from  tooth  to  tooth  and  describe  the  arcs 
first  to  the  right  and  then  to  the  left;  as  for  example,  nm  is  de- 
scribed from  p,  and/#  from  D." 

46.  The  Robinson  Odontograph,  Fig.  48,  can  be  used  to  lay 
out  tooth  curves  which  almost  exactly  coincide  with  the  true  form. 


FIG 


The  two  curves  LM and  LN are  both  of  the  same  form;  they  are 
logarithmetic  spirals,  one  being  the  evolute  of  the  other.*  The  in- 
strument is  adapted  to  both  cycloidal  and  involute  gears,  there  be- 
ing six  tables  of  settings  for  as  many  " systems"  of  gears,  including 
interchangeable  and  annular  gears. 

The  following  is  taken  from  Professor  Robinson's  description  of 
the  instrument : 

"  In  planning  this  odontograph,  the  leading  endeavor  was  to 

*  Van  Nostrand's  Science  Series,  No.  24. 
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make  its  practical  application  the  most  convenient  possible  without 
sacrifice  from  accuracy  of  form  of  tooth  obtained  by  it. 

' '  It  should  be  made  of  metal,  because  it  is  intended  that  the  in- 
strument, when  desired,  may  be  used  directly  as  a  template,  in  which 
use  it  will  be  subject  to  wear  from  passes  of  the  scribe.  It  has  sev- 
eral holes,  so  that  it  may  be  attached  to  any  convenient  wooden  rod 
in  such  a  manner  that  when  the  rod  swings  around  a  centre  pin  to 
the  wheel  all  the  faces  of  the  teeth  may  be  described  directly  from 
the  instrument  itself.  The  desired  result  is  thus  obtained  directly, 
without  intervening  counterpoints  and  dividers. 

"  To  place  the  instrument  in  position  for  drawing  a  tooth-face, 
a  table  is  used  which  should  accompany  the  instrument.  From  this 


FIG.  49. 

table  a  value  is  taken  which  depends  upon  the  diameter  of  the  pair 
of  wheels  and  the  number  of  teeth  in  the  wheel  for  which  the  teeth 
are  sought.  This  tabular  value,  when  multiplied  by  the  pitch,  is 
to  be  found  on  the  graduated  edge  LM  of  the  odontograph.  This 
done,  draw  the  tangent  A,  Fig.  49,  to  the  pitch  line  at  the  middle 
point,  (7,  of  the  tooth,  and  lay  off  the  half  thickness,  CH  or  CD, 
of  the  tooth  on  either  the  tangent  or  the  pitch  line.  Then  place 
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the  graduated  edge  of  the  odontograph  at  //,  and  in  such  a 
position  that  the  number  and  division  of  the  scale  found  as  above 
shall  come  precisely  on  the  tangent  line  at  H.  Also  get  the  curved 
edge  LN,  Fig.  48,  so  that  the  curve  will  just  lie  tangent  to  the 
tangent  A,  as  at  E.  Then  all  is  ready  for  tracing  the  curve  for 
the  tooth  face  from  the  pitch  line  through  I)  toward  G  as  far  as 
needed.  By  turning  the  instrument,  which  is  graduated  on  both 
sides,  over,  and  doing  likewise,  we  get  the  opposite  face  of  the  same 
tooth." 

For  the  flanks  of  cycloidal  gears  the  instrument  is  located  in 
the  same  general  way,  it  being  swung  around  through  something 
like  180°  in  its  own  plane  and  brought  into  position,  with  regard  to 
a  tangent  B  to  the  pitch  circle  at  the  pitch  point  D  of  the  tooth- 
curve,  as  shown  in  Fig.  49.  The  flank  DP  is  then  drawn  along 
the  edge  of  the  instrument.  Different  settings  of  the  graduated 
edge  are  required  for  the  face  and  flank. 

47.  Walker's  method  of  laying  out  gear  teeth  by  circular  arcs. 
—In  1871  a  "  wheel-scale"  for  designing  the  teeth  of  wheels  was 
patented  by  John  Walker.     It  consists  of  a  chart  which  gives  to  a 
full-size    scale  the   necessary  dimensions  for  proportioning  teeth 
ranging  in  pitch  from  the  smallest  practicable  size  up  to  six  inches. 
The  face  and  flank  of  the  tooth  are  separate  arcs  of  different  radii, 
the  two  arcs  joining  at  the  pitch  point,  f 

48.  Laying  out  gear  teeth  by  rectangular  coordinates. — Pro- 
fessor J.  F.  Klein  of  Lehigh  University  has  computed  and  tabu- 
lated the  values  of  the  rectangular  coordinates  of  tooth  curves,  the 
origin  being  taken  at  the  pitch  point.     By  this  method  "  no  de- 
scribing pitch  or  any  other  circle  need  be  drawn,  thus  doing  away 
with  all  the  preliminary  draugh ting-room  work  and  its  possibilities 
of  error." 

The  tabulated  values  are  used  to  locate  points  on  the  tooth 
curve,  through  which  the  curve  is  afterward  drawn.  J 

*  See  directions  accompanying  the  instrument. 

f  These  charts  are  supplied  by  John  Walker,  576  West  Adams  St.,  Chicago, 
111. 

\  Klein's  "  Elements  of  Machine  Design,"  second  edition,  1892. 
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Cutting  Spur  and  Annular  Gears. 

49.  General  methods. — By  using,  in  connection  with  a  proper 
spacing  device,  a  tool  which  will  cut  a  groove  of  the  form  of  the 
space  between  two  teeth,  gear  teeth  can  be  formed. 

The  simplest  method  is  to  use  a  tool  of  the  form  shown  in  Fig. 
50.  This  is  such  a  tool  as  is  ordinarily  used  in  a  metal-working 
planer  or  shaper,  except  that  the  outline  ABCD  is  made  the  same 
as  the  spaces  of  the  gear  to  be  cut.  The  face  .Pis  normal  to  the 
elements  of  the  teeth  which  the  tool  forms.  While  cutting  the 
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FIG   50. 

gear  the  tool  is  driven  with  a  reciprocating  motion  across  the  face 
of  the  gear  blank,  the  feeding  of  the  tool  into  the  work  being  down- 
ward as  the  material  is  removed,  until  the  proper  depth  of  space  is 
finally  reached.  The  blank  can  then  be  turned  to  the  position  for 
the  next  space  and  the  operation  repeated. 

The  rotary  milling-cutter  shown  in  axial  section  in  Fig.  51,  XX 
being  the  axis  of  rotation,  is  the  most  commonly  used  of  all  cut- 
ters for  spur  gears.  It  is  made  by  turning  the  edge  of  a  disk  of 
steel  to  the  form  ABCD,  corresponding  to  the  tooth  space  of  the 
gear  to  be  cut.  It  is  then  fluted  or  grooved  to  form  teeth  with  cut- 
ting edges  upon  it,  such  as  are  used  on  any  milling-cutter-  It  is 
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used  by  rotating  it  about  its  axis,  and  at  the  same  time  feeding  it 
across  the  face  of  the  gear  blank.  A  space  can  thus  be  formed  by 
a  single  passage  of  the  cutter  across  the  blank.  After  this  the  gear 
is  rotated  to  bring  it  into  position  for  the  next  space,  and  so  on. 

The  end  milling-cutter,  Fig.  52,  is  made  by  cutting  the  tooth- 
space  curve  A  BCD  while  rotating  the  cutter-blank  about  the  axis 
XX.  The  curved  surface  is  then  fluted  to  form  the  cutting  teeth 
common  to  milling  cutters.  The  flutes  are  not  shown  in  the  figure. 
This  cutter  is  used  by  rotating  it  about  its  axis  and  feeding  it  across 
the  face  of  the  gear  blank.  The  whole  space  can  be  cut  out  by  a 
single  passage  of  the  cutter  across  the  blank  if  desired. 

The  three  forms  of  cutters,  Figs.  50,  51,  52,  have  their  special 
advantages  for  certain  classes  of  work.  Thus  that  of  Fig.  50  is  the 
only  one  that  can  be  used  on  an  annular  gear  having  the  sectional 
form  of  rim  shown  in  Fig.  53,  where  T  is  the  tooth  and  H  is  an 
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FIG.  54. 


annular  ring  or  an  arm  of  the  gear,  there  being  only  a  narrow 
groove  between  this  and  the  end  of  the  tooth. 

The  end  mill  is  the  only  one  applicable  to  shrouded  gears  of  the 
sectional  form  of  Fig.  54,  where  T  is  the  tooth  and  H  is  the  shroud 
extending  either  partly  or  wholly  to  the  top  of  the  tooth,  as  the  case 
may  be.  The  ends  of  the  spaces  will  have,  of  course,  the  form 
given  them  by  the  cutter. 

50.  Cutting  interchangeable  gears  with  sets  of  cutters. — For  a 
given  pitch  the  form  of  the  space  between  the  teeth  changes  with 
every  change  of  the  number  of  teeth  in  the  gear.  In  a  set  of  inter- 
changeable gears,  therefore,  there  are  no  two  gears  having  the  same 
form  of  space  (unless  there  are  duplicates). 

In  order  to  cut  a  set  accurately  by  any  of  the  methods  of  the 
preceding  paragraph,  it  would  be  necessary  to  have  as  many  cutters 
as  there  are  diameters  of  gears.  It  is  found  in  practice,  however, 
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that  sufficient  accuracy  can  be  attained  by  cutting  several  gears, 
ranging  in  diameter  between  certain  limits,  with  a  single  cutter. 
These  limits  are  generally  given  in  terms  of  the  number  of  teeth  in 
the  gears,  for  by  this  means  they  are  applicable  to  all  pitches,  and 
the  range  for  one  cutter  depends  upon  the  degree  of  change  of  cur- 
vature as  the  number  of  teeth  changes. 

The  following  tables  show  the  cutters  adopted  by  the  Brown  & 
Sharpe  Mfg.  Co. 

There  must,  of  course,  be  a  set  of  cutters  for  each  pitch  to  be 
cut. 


CYCLOIDAL  CUTTERS. 

INVOLUTE  CUTTERS. 

24  Cutters  in  each  set. 

8  Cutters  in  each  set. 

Cutter. 

Teeth. 

Cutter. 

Teeth. 

Cutter. 

Teeth. 

A  cuts 

12 

M  cuts 

27  to     29 

1  cuts 

135  to  rack 

B 

13 

N 

30 

'    33 

2 

55 

134 

C 

14 

0 

34 

•     37 

3 

35 

54 

D 

15 

P 

38 

'    42 

4 

26 

34 

E 

16 

Q 

43 

'    49 

5 

21 

25 

F 

17 

R 

50 

'    59 

6 

17 

20 

G 

18 

S 

60 

'     74 

7 

14 

16 

H 

19 

T 

75 

'    99 

8 

12 

13 

I 

20 

U 

100 

'  149 

J 

21  to  22 

V 

150 

'  249 

K 

23  "  24 

W 

250  or  more 

L 

25   "  26 

Y 

rack. 

An  examination  of  the  preceding  tables  shows  that  three  times 
as  many  cutters  are  required  for  the  cycloidal  as  for  the  involute 
gears.  This  is  due  to  the  fact  that  the  forms  of  the  teeth  and 
spaces  change  more  rapidly  in  the  former  than  the  latter.  One  of 
the  causes  for  this  is  the  fact  that  the  describing  circle  is  the  same 
size  for  every  gear  of  a  cycloidal  set,  while  the  base  circle  of  the 
involute  is  proportional  to  the  number  of  teeth. 

51.  Cutting  interchangeable  sets  of  gears  by  conjugate  methods. 
— It  is  possible  to  cut  a  complete  set  of  interchangeable  spur  gears 
with  a  single  cutter  of  either  type  shown  in  Figs.  50,  51,  and  6'2. 
The  cutter  in  this  case  must  have  the  form  of  the  tooth  of  some 
one  of  the  set  to  be  cut,  instead  of  being  like  the  space,  as  for  the 
preceding  methods  of  cutting. 
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Suppose  that  the  type  of  cutter  selected  is  that  of  Fig.  50,  the 
outline  of  the  face  being  that  of  a  section  of  a  tooth  on  any  one  of 
the  set  of  gears.  This  cutter  can  be  so  mounted  that,  while  it  has 
a  reciprocating  motion  across  the  face  of  the  blank  to  be  cut,  it  can 
be  gradually  moved  relatively  to  the  blank  in  the  same  way  that  a 
tooth  of  the  gear  to  which  it  corresponds  would  move  when  mesh- 
ing with  the  finished  gear  made  from  this  blank.  The  reciprocating 
motion  of  the  cutting  tool  will  remove  the  material  from  the  gear 
blank  as  it  is  brought  before  it  by  the  gradual  motion  just  men- 
tioned. By  removing  the  material  in  this  manner  the  correct  out- 
line of  the  space  is  cut  out. 

Fig.  55  may  aid  in  following  the  formation  of  the  space  by  this 
operation.  In  this  figure  the  cutting  tool  conforms  in  outline  to  the 
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tooth  of  a  cycloidal  rack  having  a  describing  circle  of  a  diameter 
equal  to  the  radius  of  a  fifteen-tooth  gear  of  the  same  pitch  as  is 
to  be  cut.  Such  a  tool  can  be  fastened  in  the  tool  post  of  a  shaper 
and  gradually  fed  along  at  right  angles  to  its  cutting  stroke.  The 
blank  to  be  cut  can  be  mounted  on  a  spindle  attached  to  the  frame 
or  table  of  the  machine.  Some  means  of  rotating  the  blank  so  that 
its  pitch  circle  will  move  with  exactly  the  same  velocity  as  the  feed- 
ing of  the  tool  must  be  provided.  This  being  done,  the  mechanism 
is  complete,  and  one  space  can  be  cut  by  feeding  the  tool  along 
so  that  if  it  starts  from  the  position  A  it  will  successively  pass 
through  the  positions  B,  (7,  D,  E,  and  F.  The  corresponding  posi- 
tions of  the  part  of  the  gear  near  the  tool  are  indicated  by  the  small 
letters. 
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Fig.  56  shows  several  stages  of  cutting  an  involute  gear  space 
by  the  same  process  on  a  shaper.  The  edges  of  the  face  of  the  cut- 
ter in  this  case  are  straight  lines  at  an  angle  of  75°  with  the  direc- 
tion of  feeding  the  tool. 

It  can  be  seen  that  in  the  latter  case  the  corner  of  the  tool  cuts 
into  the  material  of  the  gear  beyond  the  smooth  curve  formed  by 
the  side,  thus  leaving  the  tooth  narrow  and  weak  at  the  bottom. 
This  interference  is  sometimes  so  great  as  to  cut  away  a  con- 
siderable portion  of  the  working  part  of  the  tooth  curve.  It  can 
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be  overcome  by  making  the  addendum  of  the  cutter  or  rack  tooth 
shorter,  or  by  rounding  its  corners. 

In  Fig.  55,  where  there  is  no  interference,  the  tool  has  finished 
the  space  by  the  time  it  reaches  the  position  E,  the  last  material 
being  removed  at  s,  where  the  describing  and  addendum  circles  in- 
tersect, this  being  the  end  of  the  path  of  contact.  The  working 
surfaces  of  the  teeth  are  always  finished  by  the  time  the  tool  has 
just  passed  the  end  of  the  path  of  contact,  but  interference  may 
continue  past  this  position. 

The  above  principle  of  conjugating  the  teeth  has  been  practi- 
cally applied  in  special  machines  where  rotary  instead  of  recipro- 
cating cutters  are  used.* 

*  U.  S.  patent  327037  to  Ambrose  Swasey;  U.  S.  patent  405030  to  George  B. 
Grant.      Robinson's  "  Principles  of  Mechanisms,"  1896. 
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The  Fellows  gear-shaper,  which  has  recently  been  brought  out 
in  commercial  form,  uses  a  cutter  shaped  like  a  pinion.  The  cutter 
is  attached  to  a  reciprocating  carrier  corresponding  to  the  ram  of 
an  ordinary  metal-  working  shaper,  so  that  the  axis  of  the  cutting- 
pinion  is  parallel  to  the  direction  of  motion  of  the  carrier.  The 
cutting  faces  are  the  parts  of  the  teeth  forming  a  portion  of  the 
end  of  the  gear.  In  other  words,  the  cutting  faces  are  those  formed 
by  a  plane  perpendicular  to  the  axis  of  the  gear.  In  the  process 
of  cutting  the  teeth  of  a  gear  blank,  the  cutter  and  blank  are  at- 
tached to  the  machine  so  that  their  axes  are  parallel,  the  cutter  is 
then  given  a  reciprocating  motion  parallel  to  its  axis  and  gradually 
fed  toward  the  blank  till  the  axes  of  the  cutter  and  blank  have 
the  distance  between  their  centres  that  is  necessary  for  correct 
meshing  of  a  pair  of  gears  having  their  diameters.  The  blank  and 
cutter  are  then  rotated,  each  about  its  own  axis,  with  the  same 
linear  velocity  at  their  pitch  surfaces,  while  the  reciprocating  motion 
is  continued  for  cutting  away  the  material  to  form  the  spaces  in  the 
blank.  The  cutter  actually  differs  from  a  true  gear  in  that  it  must 
have  some  clearance  back  of  the  cutting  edges.  The  range  that 
can  be  covered  by  such  a  cutter-pinion  includes  spur  gears,  rack 
and  internal  gears.  All  gears  made  with  such  a  cutter  having 
cycloidal  teeth  whose  faces  and  flanks  are  developed  with  the  same 
size  of  rolling  circles,  or  with  a  cutter  having  involute  teeth,  are 
interchangeable,  due  allowance  being  made  for  interference  and 
other  limiting  conditions  common  to  all  gears. 

Formation  of  Gear-cutting  Tools. 

Cutters  for  forming  gear  teeth  are  made  with  great  accuracy  in 
practice  by  finishing  them  with  a  machine  which  eliminates  all  hand 
and  eye  operations  directly  upon  the  curves  of  the  cutter.  This  is 
done,  for  cycloidal  teeth,  by  having  a  small  cylindrical  milling  cutter 
guided  so  that  its  axis,  which  is  perpendicular  to  tooth  profile, 
moves  in  true  epi-  and  hypo-cycloidal  curves  relatively  to  the  gear- 
cutting  tool  being  constructed.  The  tool  thus  milled  out  has  curves 
which  differ  from  the  true  ones  by  an  amount  depending  on  the 
diameter  of  the  cylindrical  milling  cutter.  It  has  been  found  pos- 
sible in  practice  to  make  this  forming  cutter  of  a  very  small  diam- 
eter in  comparison  with  the  size  of  the  gear-cutting  tool  it  is  to  form, 
thus  obtaining  an  accuracy  far  within  the  needs  of  practice. 
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Proportions  of  Gear  Teeth. 

52.  The  following  tables  (pp.  67-70)  give  the  proportions  of  gear 
teeth  as  adopted  by  the  Brown  &  Sharpe  Mfg.  Co.,  and  almost 
universally  used  in  this  country  for  the  smaller  sizes  of  teeth,  and 
to  a  considerable  extent  for  the  larger  ones.  Eig.  57  shows  the 
parts  named  in  the  table. 


Thickness    |< — Circular  pitch  =  P- 
of  tooth  at   ] 
Ditch  line    !  Addendum  line 


Width  of 
space  at 
pitch  line 


Wprkiiig  depth 
Wrhole~d~e~pTh"line 


FIG.  57 

In  recent  years  there  is  a  strong  tendency  toward  the  use  of 
very  much  shorter  teeth  for  the  larger  pitches  especially.  They  are 
found  to  be  stronger  and  to  run  more  smoothly  than  the  longer  ones. 

Mr.  0.  W.  Hunt  gives  the  following  proportions  of  gear  teeth 
as  used  by  the  Company  with  which  he  is  associated.  It  refers  to 
cast-iron  gears  moulded  to  form,  and  used  without  machining.* 

The  notation  is :  The  proportions  are : 


P  =  circular  pitch  in  inches. 
A  —  addendum. 
D  =  dedendum. 
C  =  clearance. 


A  =  .2P. 
D  =  .2P. 
C  =  .05(P  +  1). 


A  pair  of  large  steel  spur  gears,  6-inch  pitch,  having  about  the 
same  proportions  as  given  above,  are  in  service  at  the  power-house 


*  Trans.  Amer.  Soc.  Meet.  Eng.,  vol.  xvm. 
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Diametral 
Pitch. 

P 

Circular 
Pitch. 

P' 

Thickness 
of  Tooth  on 
Pitch  Line. 

t 

Addendum 

-£ 

s 

Working 
Depth 
of  Tooth 

D" 

Depth  of 
Space  below 
Pitch  Line. 

s-f-/ 

Whole 
Depth 
of  Tooth. 

D"  +f 

i 

6.2832 

3.1416 

2.0000 

4.0000 

2.3142 

4.3142 

i 

4.1888 

2.0944 

1.3333 

2.6666 

1.5428 

2.8761 

1 

3.1416 

1.5708 

1.0000 

2.0000 

1.1571 

2.1571 

1* 

2.5133 

1.2566 

.8000 

1.6000 

.9257 

1.7257 

H 

2.0944 

1.0472 

.6666 

1.3333 

.7714 

1.4381 

if 

1.7952 

.8976 

.5714 

1.1429 

.6612 

1.2326 

2 

1.5708 

.7854 

.5000 

1.0000 

.5785 

1.0785 

& 

1.3963 

.6981 

.4444 

.8888 

.5143 

.9587 

2$ 

1.2566 

.6283 

.4000 

.8000 

.4628 

.8628 

2f 

1.1424 

.5712 

.3-36 

.7273 

.4208 

.7844 

3 

1.0472 

.5236 

.3333 

.6666 

.3857 

.7190 

8| 

.8976 

.4488 

.2857 

.5714 

.3306 

.6163 

4 

.7854 

.3927 

.2500 

.5000 

.2893 

.5393 

5 

.6283 

.3142 

.2000 

.4000 

.2314 

,4314 

6 

.5236 

.2618 

.1666 

.3333 

.1928 

.3595 

7 

.4488 

.2244 

.1429 

.2857 

.1653 

.3081 

8 

.3927 

.1963 

.1250 

.2500 

.1446 

.2696 

9 

.3491 

.1745 

.1111 

.2222 

.1286 

.2397 

10 

.3142 

.1571 

.1000 

.2000 

.1157 

.2157 

11 

.2856 

.1428 

.0909 

.1818 

.1052 

.1961 

12 

.2618 

.1309 

.0833 

.1666 

.0964 

.1798 

13 

.2417 

.1208 

.0769 

.1538 

.0890 

.1659 

14 

.2244 

.1122 

.0714 

.1429 

.0826 

.1541 
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GEAR  WHEELS:  TABLE   OF  TOOTH  PARTS— Continued. 

DIAMETRAL   PITCH   IN   FIRST   COLUMN. 


Diametra 
Pitch. 

P 

Circular 
Pitch. 

P' 

Thickness 
of  Tooth  on 
Pitch  Line. 

t 

Addendum 
orF- 
s 

Working 
Depth 
of  Tooth. 

D" 

Depth  of 
Space  below 
Pitch  Line. 

•+/ 

Whole 
Depth 
of  Tooth. 

D"+f 

15 

.2094 

.1047 

.0666 

.1333 

.0771 

.1438 

16 

.1963 

.0982 

.0625 

.1250 

.0723 

.1348 

17 

.1848 

.0924 

.0588 

.1176 

.0681 

.1269 

18 

.1745 

.0873 

.0555 

.1111 

.0643 

.1198 

19 

.1653 

.0827 

.0526 

.1053 

.0609 

.1135 

20 

.1571 

.0785 

.0500 

.1000 

.0579 

.1079 

22 

.1428 

.0714 

.0455 

.0909 

.0526 

.0980 

24 

.1309 

.0654 

.0417 

.0833 

.0482 

.0898 

26 

.1208 

.0604 

.0385 

.0769 

.0445 

.0829 

28 

.1122 

.0561 

.0357 

.0714 

.0413 

.0770 

30 

.1047 

.0524 

.0333 

.0666 

.0386 

.0719 

32 

.0982 

.0491 

.0312 

.0625 

.0362 

.0674 

34 

.0924 

.0462 

.0294 

.0588 

.0340 

.0634 

36 

.0873 

.0436 

.0278 

.0555 

.0321 

.0599 

38 

.0827 

.0413 

.0263 

.0526 

.0304 

.0568 

40 

.0785 

.0393 

.0250 

.0500 

.0289 

.0539 

42 

.0748 

.0374 

.0238 

.0476 

.0275 

.0514 

44 

.0714 

.0357 

.0227 

.0455 

.0263 

.0490 

46 

.0683 

.0341 

.0217 

.0435 

.0252 

.0469 

48 

.0654 

.0327 

.0208 

.0417 

.0241 

.0449 

50 

.0628 

.0314 

.0200 

.0400 

.0231 

.0431 

56 

.0561 

.0280 

.0178 

.0357 

.0207 

.0385 

60 

.0524 

.0262 

.0166 

.0333 

.0193 

.0360 
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GEAR  WHEELS:   TABLE  OF   TOOTH   PARTS. 

CIRCULAR   PITCH   IN   FIRST  COLUMN. 


Circular  Pitch. 

Threads  or  Teeth 
per  inch  Linear. 

Diametral  Pitch. 

Thickness  of  Tooth 
on  Pitch  Line. 

V 
Addendum  or  —  . 

Working  depth  of 
Tooth. 

Depth  of  Space 
below  Pi  tch  Line. 

o 

A 

1. 

j! 

Width  of  Thread- 
Tool  at  End. 

Width  of  Thread 
at  Top. 

P' 

1" 
P' 

P 

t 

c 

D" 

*  +  / 

D"+f 

P'  X  .31 

P'X.335 

2 

i 

1.5708 

1.0000 

.6366 

1.2732 

.7366 

1.3732 

.6200 

.6700 

If 

A 

1.6755 

.9375 

.5968 

1.1937  .6906 

1.2874  .5813 

.6281 

If 

4 

1.7952 

.8750 

.5570 

1.1141  .6445 

1.2016  ;  .5425 

.5863 

If 

A 

1.9333 

.8125 

.5173 

1.0345 

.5985 

1.1158 

.5038 

.5444 

u 

1 

2.0944 

.7500 

.4775 

.9549 

.5525 

1.0299 

.4650 

.5025 

1A 

H 

2.1855 

.7187 

.4576 

.9151 

.5294 

.9870 

.4456 

.4816 

if 

T8T 

2.2848 

.6875 

.4377 

.8754 

.5064 

.9441 

.4262 

.4606 

IA 

M 

2.3936 

.6562 

.4178 

.8356 

.4834 

.9012  .4069 

.4397 

H 

I 

2.5133 

.6250 

.3979 

.7958 

.4604 

.8583 

.3875 

.4188 

IA 

H 

2.6456 

.5937 

.3780 

.7560 

.4374 

.8156 

.3681 

.3978 

H 

I 

2.7925 

.5625 

.3581 

.7162 

.4143 

.7724 

.3488 

.3769 

1A 

if 

2.9568 

.5312 

.3382 

.6764 

.3913 

.7295 

.3294 

.3559 

i 

i 

3.1416 

.5000 

.3183 

.6366 

.3683 

.6866 

.3100 

.3350 

H 

*A 

3.3510 

.4687 

.2984 

.5968 

.3453 

.6437 

.2906 

.3141 

i 

H 

3.5904 

.4375 

.2785 

.5570 

.3223 

.6007 

.2713 

.2931 

H 

IA 

3.8666 

.4062 

.2586 

.5173 

.2993 

.5579 

.2519 

.2722 

1 

H 

4.1888 

.3750 

.2387 

.4775 

.2762 

.5150 

.2325 

.2513 

H 

1A 

4.5696 

.3437 

.2189 

.4377 

.2532 

.4720 

.2131 

.2303 

1 

H 

4.7124 

.3333 

.2122 

.4244 

.2455 

.4577 

.2066 

.2233 
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GEAR  WHEELS:    TABLE   OF  TOOTH  PARTS—  Con  tinned. 

CIRCULAR  PITCH  IN  FIRST  COLUMN. 


Circular  Pitch. 

Threads  or  Teeth 
per  inch  Linear. 

Diametral  Pitch. 

Thickness  of  Tooth 
on  Pitch  Line. 

Addendum  or  —  • 

Working  Depth  of 
Tooth. 

Depth  of  Space 
below  Pitch  Line. 

o 
g 

«% 

11 
r 

Width  of  Thread- 
Tool  at  End. 

Width  of  Tli  read 
at  Top. 

P' 

1" 
P7 

P 

t 

s 

D" 

*+/ 

D"+f 

P'  X  .31 

P'X.335 

1 

If 

50265 

.3125 

.1989 

.3979 

.2301 

.4291 

.1938 

.2094 

T9* 

If 

5.5851 

.2812 

.1790 

.3581 

.2071 

.3862 

.1744 

.1884 

i 

2 

6.2832 

.2500 

.1)92 

.3183 

.1842 

.3433 

.1550 

.1675 

& 

25- 

7.1808 

.2187 

.1393 

.2785 

.1611 

.3003 

.1356 

.1466 

I 

2i 

7.8540 

.2000 

.1273 

.2546 

.1473 

.2746 

.1240 

.1340 

1 

2f 

8.3776 

.1875 

.1194 

.2387 

.1381 

.2575 

.1163 

.1256 

* 

3 

9.4248 

.1666 

.1031 

.2122 

.1228 

.£289 

.1033 

.1117 

A 

31 

10.0531 

.1562 

.0995 

.1989 

.1151 

.2146 

.0969 

.1047 

f 

8i 

10.9956 

.1429 

.0909 

.1819 

.1052 

.1962 

.0886 

.0957 

* 

4 

12.5664 

.1250 

.0796 

.1591 

.0921 

.1716 

.0775 

.0838 

1 

4* 

14.1372 

.1111 

.0707 

.1415 

.0818 

.1526 

.0689 

.0744 

i 

5 

15.7080 

.1000 

.0637 

.1273 

.0737 

.1373 

.0620 

.0670 

A 

5* 

16.7552 

.0937 

.0597 

.1194 

.0690 

.1287 

.0581 

.0628 

i 

6 

18.8496 

.0833 

.0531 

.1061 

.0614 

.1144 

.0517 

.0558 

1 

7 

21.9911 

.0714 

.0455 

.0910 

.0526 

.0981 

.0443 

.0479 

i 

8 

25.1327 

.0625 

.0398 

.0796 

.0460 

.0858 

.0388 

.0419 

i 

9 

28.2743 

.0555 

.0354  ;  .0707 

.0409 

0763 

.0344 

.0372 

TV 

10 

31.4159 

.0500 

.0318 

.0637 

.0368 

.0687 

.0310 

.0335 

TV 

16 

50.2655 

.0312 

.0199 

.0398 

.0230 

.0429 

.0194 

.0209 
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of  the  Chicago  City  Railway  Company  at  Twenty-first  Street.  They 
replaced  cast-iron  gears  of  much  larger  pitch,  which  failed  under 
the  same  work.* 


STEPPED,    TWISTED,    A!ND   HELICAL    GEARS. 

53.  When  spur  gears  wear  with  use,  the  teeth  lose  their  correct 
outline  and  are  apt  to  become  noisy.  This  can  be  obviated  'in  a 
measure  by  replacing  the  single  wide-faced  gear  with  two  or  more 
thin  ones  side  by  side,  so  arranged  that  the  teeth  of  each  succeeding 
one  shall  be  in  advance  of  the  preceding  one  by  an  amount  equal 
to  the  circular  pitch  divided  by  the  number  of  gears  used  to  form 
the  complete  gear.  This  is  the  method'  of  making  a  stepped  gear. 

By  increasing  these  thin  gears  to  an  infinite  number,  the  steps 
between  the  teeth  are  reduced  to  zero,  and  the  teeth  assume  a 
helical  form.  The  gear  thus  becomes  a  short  section  of  a  many- 
threaded  screw.  Such  a  gear  is  called  a  helical  or  twisted  gear,f  a 
pair  of  which  are  shown  conventionally  in  Fig.  58.  The  latter  name 
is  applied  because  the  gear  may  be  assumed  to  be  made  by  twisting 
one  end  of  an  ordinary  spur  gear  about  its  axis  while  the  other  end 
is  held  stationary.];  In  a  rack  the  tooth  elements  become  straight 
lines  running  diagonally  across  the  face.  In  helical  gears  the 
angularity  of  the  helices  forming  the  tooth  elements  is  generally 
greater  than  would  be  formed  by  twisting  an  amount  equal  to  the 
circular  pitch. 

If  a  line  AB  is  drawn  on  the  pitch  cylinder  normal  to  the  tooth 
elements  which  lie  on  the  cyclinder,  it  will  be  the  normal  helix 
to  the  teeth.  The  normal  pitch  is  the  distance  between  similar 
points  of  consecutive  teeth,  measured  along  the  normal  helix.  It 
can  be  seen  that  the  normal  pitch  is  less  than  the  circular  pitch. 

If  energy  is  transmitted  by  the  gears,  there  will  be  a  tendency 
for  the  teeth  to  slide  over  each  other  axially  on  account  of  their 
angularity.  This  causes  an  end  thrust  on  the  shafts,  which  is 

*  Street  Railway  Journal,  Feb.  1896,  page  121. 

f  The  name  "  spiral  gear  "  is  quite  commonly  applied. 

^  It  can  readily  be  seen  that  twisting  may  distort  the  teeth  into  any  other 
form  than  helices,  but  on  account  of  the  great  difficulties  in  making  any  but 
this  form,  the  general  case  is  neglected. 
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generally  objectionable.  It  can  be  obviated  by  placing  two  gears  of 
opposite  angularity  of  teeth  on  each  shaft,  us  shown  in  Fig.  59. 
Gears  of  this  form  run  very  quietly,  and  give  excellent  service  under 
heavy  as  well  as  light  loads. 


FIG.  58. 


FIG.  59. 

54.  Cutting  helical  gears. — The  teeth  of  helical  gears  can  be 
cut  with  theoretical  accuracy  by  a  planing  tool  such  as  is  used  for 
ordinary  spur  gears.  Such  a  tool  is  illustrated  in  Fig.  50  and 
described  in  §  49.  In  order  to  cut  the  teeth,  the  gear  and  tool  are 
mounted  as  for  cutting  a  spur  gear.  The  blank,  instead  of  being 
held  stationary  as  the  tool  passes  across  it,  however,  must  be  rotated 
about  its  axis  at  a  rate  bearing  a  constant  ratio  to  the  velocity  of  the 
cutting  tool.  Each  point  in  the  cutting  edge  of  the  tool  will  thus 
be  made  to  cut  out  a  helical  element  of  the  tooth.  The  conjugate 
method  described  in  §  51  can  also  be  used  by  giving  the  gear  an 
additional  rotation  during  each  stroke  of  the  cutter.  While  these 
operations  are  theoretically  simple,  their  practical  application  in- 
volves comparatively  complicated  and  expensive  machinery. 

Approximate  methods,  giving  teeth  which  closely  approach  the 
true  from,  are  commonly  used  in  practice.  When  the  angularity  of 
the  tooth  helix  is  not  great,  the  rotary  milling-cutter,  Fig.  51,  gives 
fairly  accurate  results.  It  is  so  set  that  its  axis  is  parallel,  or  ap- 
proximately so,  with  the  direction  of  the  normal  helix  where  it  in- 
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tersects  the  common  perpendicular  to  the  axes  of  the  gear  and 
cutter.  The  thickness  of  the  cutter  at  the  pitch  surface  must  not 
be  greater  than  the  normal  pitch. 

The  tooth  space  corresponding  to  the  normal  pitch  will  not  be 
the  same  as  that  of  the  axial  section  of  the  rotary  cutter  which 
forms  it.  This  is  due  to  the  fact  that  the  finishing  part  of  the  cut 
is  not  taken  in  the  axial  plane  of  the  cutter,  but  partly  in  advance 
of  and  partly  behind  this  plane,  a  small  portion  being  taken  in  the 
plane,  of  course.  The  result  is  a  tooth  space  and  tooth  which  do 
not  conform  accurately  to  the  true  outline.  The  deviation  becomes 
greater  as  the  angularity  of  the  tooth  helix  increases. 

The  end  milling-cutter  of  Fig.  52  gives  very  nearly  the  true  out- 
line when  the  angle  of  the  tooth  helix  is  small.  The  axial  section  of 
the  cutter  should  be  about  the  same  as  that  of  the  tooth  space  corre- 
sponding to  the  normal  pitch.  This  cutter  also  takes  the  finishing 
Cut  partly  before  and  partly  behind  its  axial  plane  tangent  to  the 
normal  helix  passing  through  the  axis  of  the  cutter.* 

BEVEL    GEAKS. 

55.  Determination  of  pitch  surfaces, — In  Fig.  61,  OA  and  OB 
are  two  shafts  intersecting  at  0.  They  are  to  be  connected  by 
gearing  so  as  to  have  an  angular  velocity  ratio  of  a:  b.  The  pitch 
surfaces  must  first  be  determined.  To  do  this,  draw  a  line  parallel 
to  OA  and  at  a  distance  I  from  it,  and  another  line  parallel  to  OB 
and  at  a  distance  a  from  it  Through  the  intersection  of  these 
lines  at  s,  draw  the  line  Os  of  indefinite  length. 

If  two  right  cones  with  circular  bases  be  placed  with  their  apexes 
at  0,  and  their  axes  coincident  with  those  of  the  given  shafts,  the 
proportions  being  such  that  they  will  be  in  contact  along  os,  they 
will  roll  together  to  transmit  a  constant  velocity  ratio.  The  motion 
will  be  a  purely  rolling  one,  for  if  any  point  P  be  selected  on  the 
common  element  of  the  cones,  the  distances  of  P  from  the  two  axes 
will  have  the  ratio  a:  b,  which  shows  that  the  ratio  of  the  radial 

*  For  further  discussion  of  the  methods  of  cutting  helical  gears,  see 
"  Practical  Treatise  on  Gearing."  by  Brown  &  Sharpe  Mfg.  Co.  ;  American. 
Machinist,  Nov.  21,  1885,  and  May  19,  1888  ;  "  Treatise  on  Gears,"  by  George 
B.  Grant,  1893. 
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distances  of  all  points  in  Os  is  the  same.  If  slipping  occurs  at  any 
point,  it  will  necessarily  occur  at  all  other  points,  and  will  be  pro- 
portional to  the  distance  from  the  apex.  The  entire  cones  or  any 
pair  of  frustra  of  them  in  contact  along  any  part  of  the  tangency 
line  can  therefore  be  used. 

In  order  to  transmit  energy  without  changing  the  velocity  ratio, 
teeth  must  be  provided  on  the  gears  as  is  done  for  spur  gearing. 

56.  Cycloidal  tooth  curves  for  bevel  gears. — In  Fig.  60,  ABC 
and  ADE  are  two  cones  in  contact  along  the  element  AP  (not 


FIG.  60. 

drawn),  their  common  apex  being  at  A .  These  may  be  taken  as  the 
pitch  cones  upon  which  cycloidal  teeth  are  to  be  developed.  ABC 
may  be  considered  as  made  of  an  infinitesimally  thin  material,  so 
that  a  third  cone  AF,  with  vertex  at  A ,  can  lie  against  both  the 
pitch  cones  along  AP,  being  inside  of  ABC  and  outside  of  ADE. 

If  the  axes  of  the  three  cones  are  kept  in  the  same  position, 
and  they  are  rotated  without  slipping  over  each  other,  starting  from 
an  initial  position  such  that  a,  b,  and  d  coincide  with  P,  d  will 
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trace  the  spherical  hypocycloid  ad  on  the  spherical  base  of  ABC,  and 
a  spherical  epicycloid  M  on  the  extended  or  projecting  spherical 
base  of  ADE. 

The  element  Ad  will  at  the  same  time  sweep  out  the  surfaces 
Aad  in  ABC  and  Abel  on  ADE.  These  two  surfaces  or  any  portions 
of  them  swept  out  simultaneously  and  lying  at  the  same  distance 
from  Ay  may  be  taken  to  form  the  faces  of  teeth  for  transmitting  a 
constant  velocity  ratio.  The  proof  is  similar  to  that  for  cycloidal 
spur  gears.  The  two  surfaces  are  formed  simultaneously,  and  the 
instantaneous  axis  of  the  three  cones  is  always  at  A  P.  The  swept 
out  surfaces  must  always  be  in  contact  along  the  element  Ad,  and 
a  plane  passed  through  AP  and  Ad  will  be  normal  to  the  sur- 
faces. 

For  curves  upon  the  opposite  sides  of  the  pitch  cones,  a  de- 
scribing cone  must  be  rolled  outside  of  ABC  said,  inside  of  ADE, 
contact  being  along  the  element  AP,  as  before. 

57.  Involute  tooth  curves  for  bevel  gears.  — In  this  case  a  disk 
having  a  radius  equal  to  the  height  of  the  pitch  cones  can  be 
placed  with  its  centre  at  A,  Fig.  60,  and  at  any  given  or  assumed 
angle  with  the  plane  of  the  axes  of  the  cones.     The  angle  corre- 
sponds to  the  75°  angle  for  spur  gears.     Two  base  cones  coaxial 
with  the  pitch-cones  and  tangent  to  the  disk  are  then  used  for  the 
latter  to  rest  upon. 

By  turning  all  the  cones  together  and  allowing  the  disk  to  be 
rolled  along  by  the  base  cones,  a  point  on  the  edge  of  the  disk  will 
trace  spherical  involutes  on  the  spherical  bases  of  the  pitch  cones, 
and  a  radial  line  of  the  disk  will  sweep  out  surfaces  on  the  pitch 
cones,  which  Avill  serve  to  transmit  a  constant  velocity  ratio  if  used 
for  the  tooth  curves.  Any  portion  of  these  surfaces  intercepted  by 
two  spherical  surfaces  concentric  with  the  apexes  of  the  pitch  cones, 
can  be  used  in  practice. 

58.  Laying  out  bevel  gears. — Since  the  curve  passed  through 
by  every  point  in  the  describing  line   for  bevel  gear  teeth  is  a 
spherical  one,  it  is  impossible  to  develop  it  on  the  plane  surface  of  a 
piece  of  drawing-paper.     Some  approximate  method  must  there- 
fore be  used.    Tredgald's  method  is  sufficiently  accurate  for  practice, 
and  is  the  one  commonly  applied,   possibly  is  the  only  one  ever 
used.     It  is  given  in  Fig.  61,  where  portions  of  the  spherical  bases 
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of  the  pitch  cones  are  shown  by  the  stipple  shading.  The  true 
tooth-curves  are  traced  upon  these  surfaces  when  they  are  gen- 
erated by  the  method  just  described.  If  a  conical  surface  BPF 
of  some  very  thin  material  is  placed  tangent  to  one  of  these  pitch- 
cones,  as  OFF,  at  its  base  circle  PF,  the  curve  cut  in  this  surface 
by  the  generating  line  will  differ  but  very  slightly  from  that  on  the 
spherical  surface  for  the  portion  of  tho  curve  that  is  used  for  teeth 


FIG. 


of  the  ordinary  proportions.  The  conical  surface  BPF  can  be  de- 
veloped on  the  plane  surface  of  the  drawing-paper  by  cutting  it 
down  any  element  and  allowing  it  to  unroll.  If  it  is  cut  down  the 
element  BP,  the  line  which  was  tangent  to  the  base  of  the  pitch- 
cone  will  develop  in  a  circle  with  B  as  a  centre,  a  portion  of  which 
is  shown  as  PQ,  and  the  teeth  will  develop  as  shown.  The  same 
process  can  be  applied  to  the  pitch  cone  AEP. 

In  order  to  lay  out  the  large  end  of  the  teeth  by  this  method 
when  the  pitch  cones  are  determined,  AB  is  drawn  perpendicular 
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to  OP,  intersecting  the  axes  of  the  gears  at  A  and  B.  The  last 
two  points  are  then  used  as  centres  for  describing  the  arcs  PR  and 
PQ  of  indefinite  length,  only  enough  of  them  to  allow  the  de- 
velopment of  a  few  teeth  being  required.  Then,  using  these  arcs 
as  portions  of  pitch  circles,  the  teeth  are  developed  upon  them 
as  is  done  for  spur  gears,  according  to  any  system  that  may  be 
selected. 

It  must  be  kept  in  mind  that  the  pitch  and  number  of  teeth 
must  be  such  that  the  required  number  will  go  on  a  pitch  circle  of 
the  diameter  PF  or  PE. 

Fig.  62  shows  a  partial  section  of  the  common  form  of  a  pair  of 


FIG.  62. 

bevel-gear  blanks  and  the  method  of  showing  the  development  of 
both  ends  of  the  teeth.  If  the  method  used  for  the  larger  end  were 
followed  exactly  for  the  smaller  one,  A '  and  B '  would  be  used  as 
centres  for  the  inner  ends.  For  convenience  and  a  clearer  way  of 
comparing  the  two  ends,  the  distance  Aa  is  taken  equal  to  A'P', 
and  A  is  then  used  as  a  centre  for  the  auxiliary  pitch  circle  on  which 
the  teeth  of  the  inner  end  of  the  gear  arc  developed.  The  same 
method  is  applied  to  the  other  gear  of  the  pair. 

In  Fig.  62,  POB  is  the  pitch-surface  angle,  and  FOB  the  face 
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angle  of  the  larger  gear.  The  same  names  are  sometimes  applied 
to  the  angles  between  the  elements  of  these  cones,  which  are  double 
the  angles  named. 

59.  Cutting  bevel  gears. — Since  the  space  between  the  teeth  of 
a  bevel-gear  changes  in  dimensions  constantly  in  going  from  one 
side  of  the  gear  face  to  the  other,  it  is  clearly  impossible  to  cut  the 
teeth  by  a  single  passage  of  a  rotary  or  other  cutter  across  the  face, 
for  the  cutter  can  be  made  to  conform  to  the  space  at  only  one 
place. 

Approximately  accurate  cuttir^  of  small  bevel-gears  with 
rotary  cutters  is  commonly  done  in  practice  by  using  special  cutters. 
For  any  given  gear  the  cutter  is  made  to  have  its  curves  conform  to 
those  of  the  space  at  some  selected  part.  Sometimes  the  space  at 
the  large  end  of  the  teeth  is  selected,  and  at  other  times  the  space 
profile  one-third  of  the  way  across  the  face  from  the  large  end. 
The  cutter  must  be  made  at  least  as  thin  as  the  width  of  the  space 
at  the  small  ends  of  the  teeth,  in  order  that  the  latter  shall  not  be 
cut  away  when  the  cutter  is  fed  across  the  face  of  the  gear.  Differ- 
ent methods  of  cutting  are  practised,  the  nature  of  the  work  being 
such  that  no  one  method  can  be  said  to  have  any  great  advantage 
over  the  others.  The  general  method  is  as  follows :  The  gear  and 
cutter  are  mounted  on  the  gear-cutting  machine  so  that  the  cutter 
can  have  either  the  part  of  the  cutting  edge  which  forms  the  pitch 
point  of  the  tooth  or  the  part  which  reaches  to  the  working  depth 
of  the  tooth  fed  toward  the  apex  of  the  pitch  cone.  A  roughing  cut 
is  then  taken  across  the  face  to  remove  the  greater  portion  of  the 
material  to  be  cut  away.  The  gear  is  then  rotated  about  its  axis 
and  moved  sidewise  so  as  to  bring  it  into  such  a  position  that  the 
cutter  will  give  as  nearly  the  correct  form  to  one  side  of  the  tooth 
from  end  to  end  when  fed  across  the  face  as  can  be  obtained  by  trial. 
The  gear  is  then  rotated  in  the  opposite  direction  and  shifted  so  that 
the  other  side  of  the  cutter  will  give  the  same  form  to  the  opposite 
side  of  the  space.  This  operation  is  performed  for  all  the  spaces, 
the  result  being  a  gear  that  will  run  fairly  well  with  its  mate,  but 
which  is  only  approximately  correct  in  its  tooth  forms.* 

* '  Experimental  Investigation  of  the  Cutting  of  Bevel  Gears  with  Rotary 
Cutters,"  by  Forrest  R.  Jones  and  Arthur  L.  Goddard  in  Trans.  Amer.  Soc. 
Mech.  Eng.,  vol.  xvm. 
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Accurately  cut  bevel-gear  teeth  of  any  system  which  has  a 
straight  line  passing  through  the  apex  of  the  pitch  cone  for  a 
generatrix  can  be  planed  to  form  by  a  cutting  tool  with  a  single 
cutting  point  or  corner  so  mounted  and  driven  that  the  cutting 
point  will  have  a  reciprocating  motion  along  a  line  passing  through 
the  apex  of  the  pitch  cone.  If  the  outline  of  the  large  end  of  the 
tooth  is  drawn  in  its  proper  position  on  the  gear  blank  and  the  cut- 
ting point  guided  along  the  portion  of  the  curve  for  one  side  of  the 
tooth  by  a  feeding  mechanism  operated  while  the  tool  is  not  cutting, 
each  stroke  of  the  tool  will  form  one  element  of  the  tooth  surface 
and,  at  the  end  of  the  operation,  one  side  of  a  perfect  tooth  will  be 
completed.  By  continuing  the  process  for  all  the  teeth  one  side  of 
all  of  them  will  be  completed.  A  similar  operation  will  form  the 
other  sides  of  the  teeth. 

In  the  machines  which  have  been  designed  for  the  application 
of  this  principle  to  the  cutting  of  bevel  gears  the  tool  is  mounted 
on  a  slide  which  travels  along  a  swinging  arm  attached  by  a 
universal  joint  to  the  frame  upon  which  the  gear  is  mounted,  and 
a  point  on  this  arm  is  guided  along  a  template  cut  from  sheet  metal 
to  such  a  form  and  so  mounted  as  to  guide  the  tool  in  the  proper 
manner  when  the  point  resting  on  the  template  is  moved  along  it 
by  the  feed  motion.  The  template  is  mounted  at  a  greater  distance 
from  the  apex  of  the  gear  than  the  large  end  of  the  gear  is.  The 
advantage  of  a  large  template  is  thus  gained,  which  is  more  easily 
made  for  the  smaller  sizes  of  teeth,  and  whose  inaccuracies  are 
diminished  in  the  teeth  of  the  gear. 

Special  forms  of  bevel-gear  teeth  are  cut  by  a  planing  method 
somewhat  similar  to  the  one  just  given.  The  essential  difference  is 
that  the  straight  side  of  a  planer  tool  or  the  flat  side  of  a  milling- 
cutter  is  used  to  form  the  teeth,  instead  of  the  cutting  point.* 

*  Some  methods  of  planing  bevel-gear  teeth  are  given  in  the  following 
aricles:  Grant's  Epicycloid  Bevel-gear  Generator,  American  Machinist, 
June  7,  1894  ;  Report  of  the  Committee  on  Science  and  the  Arts  on  the 
Bilgram  Bevel-gear  Cutter,  Journal  of  the  Franklin  Institute,  August,  1886  ; 
"'Planed'  Bevel-jrear  Teeth,"  American  Machinist,  Dec.  3,  1896.  See  also 
American  Machinist,  May  9,  1885. 
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SKEW    BEVEL   GEARS. 

60.  When  motion  is  to  be  transmitted  by  a  single  pair  of  gears 
between  two  shafts  which  are  neither  parallel  nor  intersecting,  and 
it  is  desired  to  have  line  contact,  the  pitch  surfaces  of  the  gears 
become  hyperboloids  of  revolution  generated  by  a  common  generatrix 
which  may  be  considered  as  the  line  of  contact  between  the  two 
surfaces.  Any  corresponding  portions  of  these  hyperboloids  can  be 
used  as  pitch  surfaces  upon  which  to  develop  teeth  of  such  a  form 
that  they  will  have  line  contact.  When  such  teeth  work  together, 
they  have  a  sliding  motion  over  each  other  in  the  direction  of  the 
line  of  contact  as  well  as  the  combined  sliding  and  rolling  motion 
which  occurs  in  ordinary  spur  gearing.  This  end  sliding  causes 
considerable  frictional  losses  and  wear  when  any  considerable  amount 
of  energy  is  transmitted,  and  is  a  serious  objection  to  their  use 
The  teeth  are  difficult  and  expensive  to  make  on  account  of  their 
form.  Their  application  is  confined  to  a  few  special  cases.*  The 
angular  velocity  ratio  of  the  gears  is  inversely  proportional  to  the 
number  of  teeth,  but  not  to  the  diameters  of  the  pitch  surfaces. 

By  the  use  of  an  intermediate  shaft  whose  axis  intersects  those 
of  the  two  given  shafts,  two  pairs  of  the  ordinary  bevel  gears  with 
teeth  whose  elements  are  straight  lines  passing  through  the  vertex 
of  the  pitch  cone  can  be  used  for  the  transmission  of  a  positive 
velocity  ratio. 


SCREW    GEARS. 

61.  When  it  is  not  desired  to  have  line  contact  between  the 
teeth  of  the  gears  on  a  pair  of  shafts  which  are  not  parallel  and  do 
not  intersect,  gears  having  helical  teeth  on  cylindrical  pitch  sur- 
faces can  be  used.  This  may  be  considered  as  a  substitute  for  skew 
bevel  gears.  Theoretically  the  contact  between  a  pair  of  teeth  is 
at  a  point,  but  practically  it  extends  over  a  small  area  whose  extent 
cannot  be  defined.  Such  a  pair  of  gears  are  shown  conventionally  in 

*  Complete  discussions  of  skew  gearing  are  given  in  "Principles  of 
Mechanism,"  by  S.  W.  Robinson,  1896,  and  "Kinematics  or  Mechanical 
Movements,"  by  C.  W.  MacCord,  1889. 
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Fig.  6d.  The  axes  of  the  gears  are  A' A"  and  B'B",  and  the  pitch 
surfaces  are  A  and  B.  The  point  of  contact  of  the  pitch  cylinders 
is  at  P  on  the  common  perpendicular  to  the  two  axes.  Any  line 
drawn  through  P  so  as  to  lie  in  a  plane  perpendicular  to  the  normal 
to  the  axes  and  divide  the  angle  A'PB'  into  two  parts,  a  and  ft, 
can  be  taken  as  the  common  tangent  to  the  pitch-surface  elements 
of  a  pair  of  teeth  in  contact  at  P.  a  and  /3  may  have  any  value 
between  zero  and  the  angle  between  the  axes. 

In  gearing  of  this  form  the  portion  of  the  pitch  cylinder  which 
lies  near  the  pitch  point  and  extends  on  both  sides  of  it  must  be 


B" 


FIG.  63. 


used.  Screw  gearing  made  in  this  manner  has  all  the  objectionable 
features  of  skew  bevel  gears,  together  with  the  additional  one  of 
having  point  contact.  The  latter  is  a  serious  fault  when  consider- 
able energy  is  to  be  transmitted.  They  are  coming  into  quite  ex- 
tended use,  however,  especially  for  machine  tools  where  a  com- 
paratively small  amount  of  power  is  to  be  transmitted. 

The  angular  velocity  ratio  is  inversely  proportional  to  the  num- 
ber of  teeth  in  the  gears. 


Worm  and  Worm-wheel. 

62.  When  two  shafts  are  at  right  angles  and  do  not  intersect, 
motion  can  be  transmitted  between  them  by  a  special  form  of  screw 
gearing,  called  the  worm  and  worm-wheel.  In  the  more  common 
form  the  worm  corresponds  to  a  short  length  of  an  ordinary 
single-thread  screw;  the  screw  may  have  any  number  of  threads, 
however.  Fig.  64  shows  conventionally  an  end  view  of  such  a  worm 
in  mesh  with  a  worm-wheel  which  is  shown  in  axial  section.  The 
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teeth  of  the  worm-wheel  embrace  a  certain  angular  portion  of  the 
circumference  of  the  worm  (usually  from  60°  to  90°),  and  their  sur- 
faces are  swept  out  by  a  generatrix  having  the  form  of  an  axial  sec- 
tion of  the  worm-thread.  When  generating  the  tooth  surfaces  the 
relative  motion  of  the  parts  must  be  the  same  as  that  of  the  finished 
mechanism.  The  velocity  ratio  of  the  worm  and  the  wheel  is  the 
same  as  the  ratio  of  the  number  of  teeth  in  the  wheel  to  the  threads 
(not  turns  of  thread)  on  the  worm. 

If  a  plane  is  passed  through  the  axis  of  the  worm,  and  normal 
to  that  of  the  worm-wheel,  the  thread  sections  cut  from  the  worm 
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FIG.  64. 

correspond  to  the  teeth  of  a  rack,  there  being  several  turns  of  the 
thread  on  the  worm,  and  those  cut  from  the  worm-wheel  are  the 
same  as  those  of  a  spur-wheel  of  the  same  diameter  as  the  worm- 
wheel  on  this  section.  Every  other  plane  parallel  to  this  one  will 
cut  the  teeth  so  as  to  give  sections  of  a  different  form.* 

The  cutting  of  a  worm  and  worm-wheel  by  machine  tools  is 
readily  accomplished,  especially  if  the  axial  section  of  the  worm- 
thread  is  bounded  by  straight  lines,  the  sections  corresponding  to 
the  involute  form  of  rack  tooth.  The  common  practice  is  to  cut  a 
duplicate  of  the  worm  in  a  lathe  with  a  straight-sided  and  conse- 
quently easily  made  tool.  This  duplicate  is  then  fluted  in  the 
same  manner  as  taps,  etc.,  in  order  to  form  cutting  edges  upon  it. 
It  is  then  made  of  sufficient  hardness  to  cut  the  material  of  the 
worm-wheel.  The  piece  thus  made  is  called  a  hob. 


*  The  method  of  obtaining  the  sectional  forms  of  the  teeth  is  thoroughly 
given  in  "  Elements  of  Machine  Design,"  Part  1,  by  W.  C.  Unwin,  1892. 
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The  hob  and  worm-wheel  blank  are  then  mounted  with  their 
axes  at  right  angles,  but  necessarily  somewhat  further  apart  than 
the  given  distance  between  the  worm  and  wheel.  They  are  then 
rotated  about  their  axes  with  the  same  velocity  ratio  as  the  worm 
and  wheel  are  to  have,  and  gradually  brought  nearer  together  so 
that  the  hob  cuts  away  the  stock  between  the  teeth  until  their  axes 
are  at  the  same  distance  apart  as  that  given  for  the  worm  and  wheel. 
By  this  operation  the  teeth  are  given  the  correct  outline. 

With  teeth  so  formed,  contact  between  an  engaging  pair  of  the 
worm  and  wheel  at  any  instant,  except  when  they  first  touch  and 
separate,  is  a  line  of  double  curvature.  Such  gears  are,  for  this 
reason,  much  better  for  transmitting  energy  than  the  ordinary  screw 
gearing  with  point  contact.  It  should  be  noted,  however,  that  the 
use  of  such  gearing  is  limited  to  the  single  case  of  the  axes  at  right 
angles. 

It  is  perfectly  practicable,  although  not  quite  so  satisfactory,  to 
cut  the  worm-wheel  teeth  without  the  aid  of  a  machine  for  giving 
the  wheel  the  requisite  angular  rotation.  Such  a  method  is  com- 
monly practised  as  follows:  The  worm-wheel  blank  has  the  teeth 
first  roughed  out  as  nearly  as  possible  to  the  correct  form  on  an 
ordinary  milling-machine  or  gear-cutter.  It  is  then  mounted  on  a 
spindle  and  left  free  to  rotate.  The  hob  is  brought  as  nearly  as 
possible  into  the  position  to  be  occupied  by  the  worm,  the  points  of 
its  teeth  projecting  into  the  roughed-out  spaces  of  the  wheel.  Upon 
rotating  the  hob  it  drives  the  wheel,  and  at  the  same  time  removes 
the  stock  as  they  are  gradually  brought  nearer  together.  "When  the 
requisite  distance  between  them  is  finally  reached,  the  teeth  of  the 
wheel  have  the  correct  form.  Inaccuracies  are  more  apt  to  occur 
in  this  method  than  when  both  hob  and  wheel  are  driven. 

The  name  "  worm  and  worm-wheel "  is  also  applied  to  the  mech- 
anism in  which  the  teeth  of  both  the  worm  and  wheel  are  helical. 
In  this  form  the  teeth  of  the  worm-wheel  make  an  angle  with  its 
axis  which  is  the  same  as  the  thread  angle  of  the  worm,  measured 
between  a  tangent  to  the  thread  at  the  pitch  line  and  a  normal  to 
the  axis  of  the  worm. 

If  the  axis  of  the  worm  deviates  from  a  right  angle  with  the 
axis  of  the  worm-wheel  by  an  amount  equal  to  the  thread  angle  of 
the  worm,  it  will  engage  with  an  ordinary  spur  gear. 
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63.  The  Hindley  worm  and  worm-wheel  are  shown  conventionally 
in  section  in  Fig.  65.  They  are  best  described  by  the  principles 
involved  in  their  manufacture.* 


A  cutting  tool  with  straight  sides,  and  of  a  form  to  correspond 
to  the  sections  of  the  worm-wheel's  teeth  cut  by  a  plane  perpen- 
dicular to  its  axis  and  passing  through  the  axis  of  the  worm,  is 
mounted  to  swing  about  an  axis  C  in  the  same  manner  as  one  of 
the  teeth  of  the  wheel.  The  worm  blank  is  then  mounted  so  that 
it  is  somewhat  further  from  the  axis  C  of  the  cutter  than  the  given 

*  "The  Construction  of  the  Hindley  Worm,"  American  Machinist,  March 
25,  1897,  etc.     A  well-illustrated,  complete  article. 
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distance  between  the  axes  of  the  worm  and  wheel.  The  two  are 
then  driven  with  the  given  velocity  ratio  of  the  mechanism,  and  the 
tool  cuts  a  thread  in  the  worm  blank.  They  must,  of  course,  be  fed 
together  gradually  into  the  correct  position.  A  hob  is  then  made  of 
the  same  form  as  the  worm,  and  is  used  for  cutting  the  worm-wheel. 

The  length  of  the  worm  is  limited  to  the  portion  between  the 
two  elements  where  the  surface  of  the  thread  becomes  normal  to  its 
axis.  In  Fig.  65  the  sectional  form  of  the  teeth  of  the  worm- 
wheel  is  such  that  the  extensions  of  their  sides  are  tangent  to  the 
larger  circle  drawn  around  the  axis  C.  The  length  of  the  worm 
cannot  exceed  the  diameter  of  this  circle.  If  made  longer,  it  could 
not  be  put  into  engagement  with  the  wheel  after  both  were  made, 
the  hooked  form  of  the  thread  at  the  end  of  the  worm  preventing 
such  engagement. 

The  nature  of  the  contact  between  the  engaging  parts  is  difficult 
to  understand  on  account  of  the  constantly  changing  form  of  the 
worm  thread  from  end  to  end. 

There  are  two  features  of  this  mechanism  which  are  serious  ob- 
stacles to  its  use.  If  the  shafts  are  not  at  the  right  distance  apart, 
or  if  the  worm  moves  longitudinally,  the  gears  are  thrown  out  of 
proper  engagement.  Both  these  faults  are  apt  to  come  with  wear, 
the  axes  tending  to  get  farther  apart  and  the  worm  to  get  end 
motion. 

While  this  device  has  been  known  for  many  years,  it  has  not 
been  put  to  any  considerable  practical  use.  Recently,  however,  it 
has  been  applied  to  elevators  built  by  the  Sprague  Elevator  Co.* 


NO^-CIRCULAB   GEARS. 

64.  When  motion  is  imparted  to  one  rotating  piece  by  another 
so  that  the  angular  velocity  ratio  is  variable  instead  of  constant,  the 
pitch  surfaces  must  have  non-circular  forms.    Their  profiles  depend 
on  the  nature  of  the  relative  angular  velocity. 

65.  Elliptical  gears  are  probably  as  common  as  any  of  the  non- 
circular  forms.     In  a  pair  the  ellipses  must  be  similar  and  equal. 
Fig.  66  shows  the  pitch  lines  of  a  pair  of  such  gears.     The  foci  of 

*"  Electrical    Tests    of    the    Efficiency    of  Worm    Gearing,"  American 
Macliinist,  Jan.  21,  1897. 
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Q  are  A  and  (7;  those  of  R,  B  and  D.  They  are  placed  so  that 
the  distance  AB  =  CD  =  EF.  The  latter  is  the  major  axis  of  Q, 
and  is  equal  to  that  of  R. 

When  used  as  gears,  each  is  rotated  about  one  of  these  foci. 
Assume  that  A  and  B  are  the  centres  of  rotation.  Then  the  pitch 
point  must  lie  on  the  line  A  B.  This  is  in  accordance  with  the  law 
that  the  centres  of  three  bodies  moving  relatively  to  each  other  must 
lie  in  the  same  straight  line  (§  8).  The  three  bodies  in  this  case 


FIG.  66. 

are   Q,   R,  and  the  stationary  link  articulating  with  them  at  A 
and  B. 

It  can  be  shown  that  P,  the  intersection  of  AB  and  CD,  is  the 
point  of  tangency  of  the  ellipses.  The  proof  involves  the  property 
of  an  ellipse,  that  a  tangent  to  it  at  any  point  makes  equal  angles 
with  the  focal  lines  of  that  point.  In  accordance  with  this,  it  can 
be  seen  that  TT  drawn  through  P  so  as  to  make  equal  angles  with 
the  focal  lines  of  Q  will  do  the  same  with  those  of  R.  TT  is 
therefore  a  common  tangent  to  both  Q  and  R  at  P.  P  is  there- 
fore the  pitch  point.  Since  this  is  true  for  any  position  of  the 
ellipses  as  long  as  CD  remains  constant  in  length,  they  will  roll 
together  in  common  tangency  at  a  point  which  mores  along  AB,  if 
G  and  D  are  connected  by  a  link  CD,  as  shown.  They  can  there- 
fore represent  the  profiles  of  pitch  surfaces  upon  which  teeth  can 
be  cut  to  form  gears.  Both  gears  have  the  same  angular  velocity 
when  the  minor  axes  of  the  ellipses  meet  at  the  pitch  point,  forming 
one  straight  line.  The  velocity  ratio  varies  from  AF ':  GB  to 
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AE :  BH.  If  in  either  ellipse  lines  are  drawn  from  the  extremities 
of  the  minor  axis  to  one  of  its  foci,  they  will  divide  the  circum- 
ference of  a  circle  into  two  parts  proportional  to  the  angles  through 
which  the  selected  gear  will  rotate  for  successive  half  revolutions  on 
the  other  gear,  starting  from  the  position  of  tangency  at  the 
extremities  of  the  minor  axes. 

The  four  links  joining  the  foci  form  a  kinematic  chain  of  four 
turning  pairs  with  opposite  links  equal  in  length.  If  one  link  of 
this  chain,  as  A  C,  were  rotated  uniformly,  BD  would  be  driven  with 
the  same  angular  velocity  as  when  the  gears  are  used,  due  allowance 
being  made  for  "  dead  centres." 

Gears  of  this  form  are  used  on  shaping-machines  for  a  quick 
return  and  slow  cutting  motion.  One  is  driven  uniformly,  and  the 
other  connected  to  the  tool  carrying  part  of  the  machine.  Other 
motions  are  more  commonly  used  for  this  purpose,  however. 

66.  Teeth  for  non-circular  gears  can  be  made  according  to  any 
of  the  systems  that  are  suitable  for  circular  gears. 

For  cycloidal  teeth,  the  describing  circle  is  rolled  on  the  ellipse. 
With  the  exception  of  those  at  opposite  ends  of  equal  diameters,  the 
teeth  have  different  profiles.  When  the  same  describing  circle  is 
used  for  all  teeth,  those  at  the  part  of  the  pitch  line  having  the 
greatest  curvature  are  weaker  than  the  others.  This  may  be 
objectionable  when  the  ellipse  has  considerable  eccentricity.  It  can 
be  overcome  by  using  different  rolling  circles  on  different  parts  of 
the  pitch  line.  There  is  no  objection  to  doing  this,  since  the  teeth 
do  not  have  the  same  form  under  any  condition.  The  smallest 
rolling  circle  should  be  used  at  the  part  of  most  rapid  curvature. 

Involute  teeth  can  be  generated  by  using  a  base  cylinder  (not 
circular)  after  the  method  for  circular  gears.  The  teeth  generally 
have  a  better  form  when  the  base  cylinder  approaches  more  closely 
to  the  pitch  line  at  the  parts  of  rapid  curvature  than  at  the  less 
curved  ones.  Such  a  cylinder  is  obtained  by  keeping  the  angle  of 
obliquity  constant. 

67.  Cutting  non-circular  gears. — Since  the  tooth  spaces  of  a 
non-circular  gear  are  all  or  nearly  all  different,  a  large  number  of 
cutters  would  be  required  for  each  gear.    On  account  of  the  expense 
of  making  so  many,  it  is  customary  to  rough  out  the  blanks  nearly 
to  form  on  a  milling-machine,  and  finish  by  hand.     A  gear  cutter 
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which  gives  proper  spacing  and  nearly  accurate  forms  to  the  teeth 
of  elliptical  gears  is  made  by  George  B.  Grant.* 

68.  Gears  having  a  fixed  law  of  motion. — Cases  sometimes  arise 
where  a  pair  of  gears  are  to  be  designed  to  give  a  certain  motion  to 
the  shaft  which  they  rotate,  or  to  drive  some  part  of  a  mechanism 
according  to  a  given  law.     The  forms  are  as  numerous  and  varied 
as  the  motions  required,  f     Only  one  will  be  given. 

69.  Pinion  and  gear  for  driving  a  chain  belt  at  a  uniform  speed. 
— When  a  sprocket-wheel,  such  as  is  shown  in  Fig.  67,  is  rotated 


FIG.  67. 

uniformly,  the  part  of  the  chain  approaching  the  wheel  is  driven 
at  a  variable  velocity.  This  is  due  to  the  fact  that  as  the  chain  is 
wound  on  the  gear  it  turns  successively  about  each  pin  as  it  is 
brought  upon  the  wheel.  The  velocity  of  a  pin  becomes  uniform  as 
soon  as  the  ends  of  the  links  which  it  connects  rest  upon  the  wheel. 
The  pin  then  moves  in  a  circle,  and,  since  the  circular  motion  is 
uniform,  the  component  parallel  to  the  portion  of  the  chain  which 
is  approaching  the  wheel  is  variable.  The  variation  is  slight,  how- 

*  "  A  Treatise  on  Gear  Wheels,"  by  George  B.  Grant,  1893. 
f  A  very  full   treatment   of  irregular   gears   is  given   in  "Principles  of 
Mechanisms,"  by  S.  W.  Robinson,  1896. 
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ever,  when  the  number  of  links  required  to  encompass  the  sprocket- 
wheel  is  as  great  as  shown  in  the  figure. 

When  a  sprocket-wheel  having  only  four  teeth,  as  in  Fig.  68,  is 
used,  the  variation  is  excessive  when  the  rotation  is  unifoim.  This 
can  be  seen  by  inspection.  If  the  wheel  rotates  so  as  to  wind  the 


FIG. 


chain  on  the  upper  side,  the  pin  P, ,  which  has  just  come  to  rest  on 
the  sprocket,  will  travel  with  uniform  velocity  in  the  arc  of  a  circle 
of  radius  OP1  until  it  leaves  the  wheel.  While  the  pin  moves  from 
P,  to  Pn,  the  link  just  winding  on  the  wheel  turns  about  the  pin  as 
an  axis  and  has  a  horizontal  linear  velocity  equal  to  the  horizontal 
component  of  the  circular  motion  of  the  axis  of  the  pin.  In  order 
for  the  free  portion  of  the  chain,  which  in  this  case  is  horizontal,  to 
have  a  uniform  linear  velocity,  the  sprocket-wheel  must  be  driven  at 
such  a  variable  angular  velocity  as  will  make  the  horizontal  com- 
ponent of  the  pin's  velocity  constant. 

If  power  is  furnished  by  a  uniformly  rotating  shaft,  as  is  com- 
monly the  case,  the  sprocket-wheel  shaft  can  be  driven  by  a  pair  of 
non-circular  gears.  Thus,  if  Bt ',  Fig.  68,  is  the  centre  of  the  uni- 
formly rotating  shaft  which  is  to  make  one  revolution  for  each  link 
ivound  on  the  wheel,  the  pitch  line  of  its  gear  takes  the  single-lobed 
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form  shown.  The  gear  connected  to  the  sprocket-wheel  and  revolv- 
ing about  the  same  axis  with  it,  has  four  similar  and  equal  lobes  as 
shown.  The  problem  thus  resolves  itself  into  finding  the  pitch 
lines  of  a  pair  of  gears  such  that  while  the  driver  rotates  uniformly, 
the  driven  one  will  have  such  an  angular  velocity  as  will  give  the 
chain  a  uniform  linear  velocity. 

For  convenience  the  driving-wheel  will  be  called  the  pinion. 
In  solving  the  problem  the  following  notation  is  used: 
R  =  pitch  radius  of  sprocket-wheel,  i.e.,  the  radius  of  the  circular 
arc  in  which  the  axis  of  a  chain-pin  travels  while  the  pin  rests 
on  the  wheel. 

d  =  distance  between  gear  centres. 
I  =.  length  of  links  between  centres  of  pins. 

n  =  number  of  sides  on  polygon  forming  the  outline  of  sprocket- 
wheel. 

v  =  uniform  linear  velocity  of  chain. 

6  =  angle  of  sprocket-wheel  embraced  by  one  link  of  the  chain. 
0  =  angle,  at  any  instant,  between  the  centre  line  of  the  approach- 
ing side  of  the  chain  and  the  radial  line  joining  the  centre 
of  the  sprocket-wheel  to  the  centre  of  the  last  pin  wound  on 
it.     The  limiting  values  of  0  are 

90°  -  |    and    90°  +  f . 

£  M 

GO  =  angular  velocity  of  sprocket-wheel  at  any  instant. 

In  Fig.  69,  0  is  the  axis  of  the  sprocket-wheel  and  its  gear,  and 
B'  that  of  the  pinion.  CL  is  drawn  parallel  to  the  approaching 
side  of  the  chain,  which  is  considered  as  having  a  constant  direc- 
tion. PjPn,  parallel  to  CL,  is  the  position  of  a  centre  line  of  a 
link  that  has  just  been  wound  on  the  wheel,  P,  being  the  first  posi- 
tion in  which  the  pin  at  the  end  of  the  link  articulating  with  the 
approaching  side  of  the  chain  becomes  the  axis  about  which  tho 
chain  bends;  the  same  pin  remains  the  axis  during  its  motion  from 
P,  to  Pn. 

For  convenience,  assume  that  the  mean  angular  velocity  of  the 
sprocket  wheel  =  GO  =  one  revolution  per  minute.  Such  an  as- 
sumption does  not  affect  the  design  in  any  way.  Then 

v  =  nl. 
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Let  P  be  any  position  of  the  centre  of  the  pin  during  its  motion 
from  P,  to  Pn.  First,  it  is  necessary  to  find  the  linear  velocity  at 
which  P  must  move  in  order  to  give  the  chain  its  velocity  v.  To 
do  this  take  PF  parallel  to  CL  and  of  such  a  length  as  to  represent 
v  according  to  any  convenient  scale;  draw  FH  perpendicular  to  PF, 
and  PH  tangent  to  the  pitch  circle  GPL  of  the  sprocket-wheel; 


FIG.  69. 


then  PH—  v  -t-  sin  0  is  the  linear  velocity  at  which  P  must  move 
while  in  the  position  shown. 

The  angular  velocity  of  the  sprocket-wheel  for  this  position  of 
P,  is  found  by  the  equation 


GO  = 


PH 


sin0 


By  taking  a  single-lobed  pinion  which  makes  one  revolution  for 
each  link  wound  on  the  sprocket-wheel,  as  has  been  assumed,  it 
must  make  n  revolutions  for  one  of  the  wheel,  and  since  the  latter 
has  been  assumed  to  make  one  revolution  per  minute,  the  pinion 
must  make  n  revolutions  per  minute.  In  this  particular  case 
»  =  4. 

It  now  remains  to  find  the  pitch  radii  that  the  gears  working 
together  must  have  for  the  assumed  position  of  P,  in  order  to  give 
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the  sprocket-wheel  an  angular  velocity  GO,  as  found  by  the  preceding 
equation,  while  the  pinion  is  rotating  at  its  uniform  velocity  of  n 
revolutions  per  minute. 

Draw  the  radial  line  OP  and  produce  it,  making  OB  =  OB' ; 
take  OE,  in  any  convenient  direction,  to  represent  the  revolutions 
of  the  pinion  per  minute  =  n,  and  draw  BD  parallel  to  OE  to 
represent  the  angular  velocity  of  the  sprocket-wheel  =  GO,  in 
accordance  with  the  same  scale;  draw  ED  intersecting  BO  at  A] 
then  OA  is  the  required  radius  of  the  sprocket  gear  for  the  assumed 
position  of  P,  which  must  be  measured  as  the  distance  OA'  on  a 
line  making  the  angle  0  with  CL,  A'  being  the  point  which  will 
lie  on  OB'  when  the  centre  of  the  chain-pin  is  at  P.  A'  is  there- 
fore a  point  in  the  pitch  curve  of  the  gear.  But  the  nature  of  the 
problem  calls  for  a  lobe  symmetrical  about  a  line  bisecting  the 
angle  #;  therefore  A  is  also  a  point  in  the  pitch  curve. 

The  point  of  the  pitch  curve  of  the  pinion-wheel  which  will  co- 
incide with  A'  when  the  chain-pin  is  at  P,  can  be  found  as  follows: 
Draw  PI7 perpendicular  to  P,Pn,  and  find  the  ratio  P^T  -f-  P,Pn. 
For  convenience  it  will  be  assumed  to  be  0.2  in  the  present  case. 
This  indicates  that  0.2  of  the  length  of  one  link  of  the  chain  has 
been  drawn  in,  and  since  the  pinion  rotates  uniformly  at  the  rate 
of  one  revolution  for  each  link  drawn  in,  the  pinion  must  have  made 
0.2  of  a  revolution  —  0.2  X  360°  =  72°,  while  moving  P  through  the 
arc  P,P. 

With  B'  as  a  centre,  take  the  angle  OB'N  =  72°,  and  make 
B' N "=  AB  found  by  the  construction  for  the  radius  OA]  N  is 
then  one  point  of  the  pinion  pitch  curve. 

By  taking  other  positions  of  P,  enough  points  of  the  curve  A^An 
can  be  found  to  determine  its  form,  and  at  the  same  time  the 
points  necessary  to  determine  the  pitch  curve  of  the  pinion,  which 
is  symmetrical  about  OB' . 

There  will,  of  course,  be  n  lobes  on  the  sprocket-wheel  gear,  all 
having  the  same  form  as  the  one  just  determined,  their  ends  joining 
each  other. 

If  the  centre  of  the  pinion  were  moved  around  0  through  any 
angle  /?  (not  shown),  and  used  to  drive  the  mechanism  while  in  that 
position,  the  sprocket-wheel  gear  would  have  to  be  rotated  through 
an  equal  angle  relatively  to  the  sprocket-wheel  in  order  to  keep  the 


TOOTHED   GEARS.  93 


motion  of  the  chain  uniform,  due  allowance  being  made  for  the; 
fact  that  no  adjustment  of  the  gear-wheel  is  necessary  when  the 
angle  through  which  the  pinion  shaft  is  moved  is  the  same  as  that 
embraced  by  one  or  more  links  of  the  chain,  and  that  the  angle  ft 
may  be  increased  or  decreased  by  one  or  more  of  the  angles  em- 
braced by  a  link,  in  determining  the  amount  of  rotative  adjustment 
necessary  for  the  gear. 

If  a  driving  pinion  having  two  lobes  is  used,  the  line  OE  be- 
comes only  one  half  as  long  by  the  same  scale,  and  the  angle  OB' N 
half  as  great  as  for  a  single  lobe.  The  same  principle  holds  good 
for  any  number  of  lobes  on  the  pinion. 

70.  Non-circular  bevel  and  screw  gearing  can  also   be   made 
with  due  regard  to  the  principles  for  determining  the  pitch  surfaces 
that  have  been  given  in  the  preceding  paragraph.     The  difficulties 
of  manufacture  become  so  great,  however,  that  they  are  very  seldom 
made  except  as  examples  of  the  possibilities  of  such  construction. 

TRAINS    OF    GEARING. 

71.  In  any  train  of  spur  gears  such  as  is  shown  in  Fig.  70, 
where  the  gears  are  represented  by  their  pitch-surface  profiles,  and 
concentric  ones  are  assumed  as  rigidly  fastened  together,  if  the 


FIG.  70. 

angular  velocity  of  the  first  is  given,  that  of  the  last  can  be  found  by 
the  following  equation,  in  which  the  letters  indicating  the  gears 
may  also  be  taken  as  representing  their  respective  diameters  or  radii, 
as  may  be  the  more  convenient.  V°  indicates  the  angular  velocity 
of  the  gear  represented  by  the  symbol  immediately  following  it. 
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By  this  it  can  be  seen  that  in  any  train  of  gearing  of  the  form 
of  Fig.  70,  if  the  first  is  the  driver,  the  angular  velocity  of  the  last 
is  equal  to  that  of  the  first  multiplied  by  the  radii  of  all  the  succeed- 
ing drivers,  and  divided  by  the  radii  of  all  the  driven  ones.  This  is 
true  for  any  number  of  gears.  It  also  applies  to  annular  as  well  as 
spur  gears.  In  the  latter  the  direction  of  rotation  of  the  engaging 
gears  is  the  same. 

If  any  gear  of  a  train  is  both  the  driver  and  the  driven,  the  ve- 
locity ratio  of  the  two  gears  with  which  it  meshes  is  the  same  as  if 


FIG.  71. 

they  were  in  direct  engagement ;  the  direction  of  rotation  is  changed, 
however.  Thus,  in  Fig.  71,  A  and  0  both  rotate  in  the  same  direc- 
tion with  the  same  angular  velocity  ratio  as  if  meshed  together  ; 
when  meshing  together,  they  rotate  in  opposite  directions.  The 
intermediate  gear  B  is  called  an  idler. 

The  principles  just  cited  also  apply  to  bevel  gearing  with  inter- 
secting axes.  The  equation  for  relative  angular  velocity  can  be 
applied  by  using  the  largest  diameters  of  the  bevel  gears. 

Back  gears  for  lathes,  etc. — It  is  frequently  necessary  in 
machine  designing  to  use  two  or  more  pairs  of  intermeshing 
gears  of  different  pitches,  but  with  the  same  distance  between 
their  centres.  It  may  also  be  desirable  to  adjust  the  angular 
velocity  ratio  of  each  pair,  or  the  product  of  their  respective 
ratios,  to  a  value  approximating  one  which  has  been  assumed  or 
predetermined.  In  any  case  it  is  necessary  to  know  what  dis- 
tances between  centres  will  give  an  integral  number  of  teeth 
in  each  gear.  The  distances  which  will  give  an  integral  num- 
ber of  teeth  in  each  gear  may  readily  be  determined  after  first 
finding  the  distance  of  which  the  actual  distance  between  centres 
must  be  a  multiple.  This  is  done  below  with  the  aid  of  the  follow- 
ing notation. 
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K  =  distance  of  which  the  distance  between  gear  centres 

must  be  a  multiple,  inches; 
N,  JV',  N"  =  number  of  teeth  in  the  larger  of  an  intermeshing 

pair  of  spur  gears  ; 
Nl9N^  =  number  of  teeth  in  an  annular  gear  =  number  of 

teeth  per  inch  of  diameter; 
P,  P',  P"  =  diametral  pitch  of  spur  gears; 
P,,  P2  =  diametral  pitch  of  annular  gears ; 

Q  •=.  greatest  common  divisor  of  P,  P',  P",  P,,  etc.,  which 
will  give  integral  quotients.  Q  may  be  either  an 
integer  or  a  fraction  ; 

d  =  distance  between  gear  centres,  inches  ; 
nt  n't  n"  =  number  of  teeth  in  the  smaller  of  a  pair  of  spur 

gears; 

nlf  n9  =  number  of  teeth  in  a  pinion  meshing  with  an  annu- 
lar gear 

Assume  that  there  are  to  be  three  pairs  of  intermeshing  gears  of 
different  diametral  pitches  P,  P',  and  P",  all  running  on  the  same 
pair  of  shafts  and  consequently  having  their  centres  the  same  dis- 
tance apart.  If  Q  is  the  greatest  common  divisor  of  P,  P',  and  P" 
that  will  give  integer  quotients,  Q  being  either  an  integer  or  a  frac- 
tion, then  d,  the  distance  between  gear  centres,  must  be  a  multiple 
of  the  distance  whose  value  is 

P+Q__P'+Q_P"  +  Q  _     1 

2P  2P'  2P"      ~2QU 

The  above  applies  to  both  spur  and  annular  gears. 

For  three  pairs  of  gears  running  on  the  same  shaft  and  having 
diametral  pitches  of  3/4,  1  1/4,  and  3,  the  value  of  Q  is  1/4,  and 
the  distance  K=  1  ^  (2  X  1/4)  =  2.  Therefore  the  distance  d  be- 
tween gear  centres  must  be  some  multiple  of  2  inches.  The  dis- 
tance between  centres  must  be  great  enough,  of  course,  to  give  a 
sufficient  number  of  teeth  for  practical  working. 

In  general,  assumed  velocity  ratios  of  a  number  of  spur  gears, 
running  on  the  same  shafts  and  having  different  pitches,  can  be 
only  approximated.  By  increasing  the  distance  between  centres, 
however,  thus  increasing  the  number  of  teeth  for  a  given  pitch  and 
obtaining  a  greater  range  of  selection  in  the  number  of  teeth  in 
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the  gears,  the  approximation  can  generally  be  made  more  closely 
than  for  the  smaller  numbers  of  teeth. 

In  a  system  of  spur  gears,  all  running  upon  one  pair  of  shafts, 
the  following  relations  exist  : 

_  JV+  n  _  N'  -f  n'  _  N"  -f  n" 
2P  2P'  ~2P"      ' 

For  an  annular  gear  and  pinion 

d  =  — ! — — -  =  — * ?. 

From  these  last  two  equations  it  may  be  seen  that,  for  a  pair  of 
meshing  spur  gears  and  an  annular  gear  meshing  with  a  pinion, 
all  running  on  the  same  pair  of  shafts, 

_  lf+n  _  ffi  —ni 
2P  2P,    ' 


Example.  —  It  is  required  to  place  upon  a  pair  of  shafts  9  inches 
apart  between  centres,  three  pairs  of  gears  as  follows  : 

One  pair  of  spur  gears  having  a  diametral  pitch  P  =  10,  and  a 
velocity  ratio  as  near  to  3  :  1  as  possible  ; 

One  pair  of  spur  gears  having  a  diametral  pitch  P'  =  8,  and  a 
velocity  ratio  as  near  to  1  0  :  3  as  possible  ; 

An  annular  gear  and  pinion  having  a  diametral  pitch  Pl  =  7, 
and  a  velocity  ratio  as  near  to  8  :  1  as  possible. 

.By  the  equation  given  above  the  sum  of  the  teeth  on  the  pair 
having  P  =  10  is 

=  9(2  x  10)  =  180. 


Dividing  180  into  two  parts  having  the  ratio  3  :  1  gives 
N  =  135  and  n  =  45.  These  two  numbers  have  the  exact  ratio 
desired. 

For  the  spur  gears  having  P'  =  8 

N'  -f  n'  —  9(2  X  8)  =  144. 

Dividing  144  into  two  parts  having  the  given  ratio  10  :  3  gives 
110^-J  and  33T3^.  By  taking  the  nearest  integers,  N'  =  111  and 
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For  the  annular  gear  and  pinion  having  P"  =: 
JV;  -  HI  =  9(2  X  7)  =  126 

The  required  value  of  J\\  :  nl  =  8,  from  which 
Therefore 


whence 


8w,  -  w.  =126 


wt  =  18,  and  JV^  =  144. 
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CHAPTER  III. 

COUPLINGS. 

72.  The  Universal  Joint  or  Hooke's  Coupling  is  sometimes  used 
to  connect  intersecting  shafts  when  the  angle  between  them  is  not 
too  great  (45°  or  less).  Its  general  form  is  shown  in  Fig.  72.  A 
and  B  are  two  shafts  intersecting  at  0,  the  angle  between  them 
being  0.  To  the  end  of  each  shaft  a  pair  of  forked  arms  are  at- 
tached, which  are  joined  together  by  a  link  with  two  double  arms 


FIG.  72. 

at  right  angles  to  each  other  and  intersecting  at  0.  These  arms 
are  generally  of  equal  length. 

There  is  an  objectionable  property  belonging  to  this  coupling, 
which  is  that  the  velocity  ratio  of  the  two  shafts  is  a  constantly 
varying  one,  although  they  make  quarter  revolutions  in  equal  times. 
The  change  of  velocity  ratio  varies  with  the  angle  between  the 
shafts,  increasing  as  it  increases. 

The  proof  that  equal  angles  are  not  passed  through  in  equal 
times  can  be  given  with  the  aid  of  Figs.  73  and  74.  Fig.  73  is  the 
projection  of  the  joint  on  a  plane  parallel  to  the  plane  of  the  shafts 
A  and  B.  Fig.  74  is  a  line  projection  on  a  plane  perpendicular  to 
the  shaft  A,  the  arms  of  the  cross  being  represented  by  the  lines 
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PQ  and  RS.  Every  point  in  the  axis  of  the  arm  HK,  Fig.  73, 
travels  in  a  circle  whose  plane  is  perpendicular  to  A,  the  projec- 
tion of  the  plane  being  HK.  Also,  every  point  in  the  axis  of 


the  arms  of  the  cross  attached  to  the  fork  of  B  travels  in  the  same 
manner  relatively  to  B,  the  projection  of  the  plane  of  the  circle  being 
TT' .  The  path  of  a  point  in  the  arm  connected  to  B  projects  as 
an  ellipse  in  Fig.  74.  The  major  axis  of  the  ellipse  is  the  diameter 
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of  the  circle  in  which  the  point  travels,  and  the  minor  axis  is  the 
diameter  multiplied  by  cos  0. 

When  A  has  rotated  through  any  angle  /^,  so  that  RS  takes  the 
position  RlSl  9  the  projection  of  PQ  will  be  PjQl9  perpendicular  to 
R1S1 .  This  is  the  projection  of  the  arm  as  it  lies  in  a  plane  mak- 
ing an  angle  6  with  the  plane  of  the  paper,  and  therefore,  in  order 
to  find  the  real  angle  through  which  B  has  rotated,  it  is  necessary 
to  rotate  the  plane  about  QP  until  it  coincides  with  the  paper. 
•  (This  is  practically  placing  the  two  shafts  in  line  by  bringing  B 
perpendicular  to  the  paper  in  Fig.  74  without  allowing  it  to  rotate 
about  its  axis.  This  would  require  loosening  one  of  the  forks  from 
the  cross.)  Pl  would  fall  at  P2 ,  and  the  real  angle  through  which 
B  has  been  driven  by  A  is  a,  in  this  case  larger  than  /?.  When  a 
quarter  revolution  has  been  passed  through  by  A,  it  is  evident  from 
the  figure  that  the  same  angle  will  have  been  passed  through  by  B. 
In  the  second  quadrant,  B  will  at  first  fall  behind  A,  regaining  its 
original  relative  angular  position  again  at  the  end  of  the  quadrant. 
The  conditions  of  the  third  and  fourth  quadrants  are  the  same  as 
those  of  the  first  and  second. 

Two  shafts  A  and  (7,  Fig.  75,  lying  in  the  same  plane  and 
making  equal  angles  with  an  intermediate  shaft  B,  will  have  a  con- 


FIG.  75. 

stant  angular  velocity  ratio  when  connected  by  Hooke's  couplings  at 
D  and  E,  provided  the  two  forks  on  B  lie  in  the  same  plane.  By  this 
arrangement  the  irregularities  due  to  one  coupling  are  eliminated 
by  those  of  the  other.  The  value  of  ft  does  not  affect  the  accuracy 
of  working,  so  that  two  parallel  shafts,  as  shown  in  the  upper  part 
of  Fig.  75,  may  be  moved  relatively  to  each  other  and  will  work 
correctly  as  long  as  they  are  kept  parallel.* 

*  See  feeding  mechauism  on  Brown  and   Sharp's  milling-machines  and 
driving  device  on  adjustable  multi-spindle  drilling-machines. 
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It  is  plain  that  the  intermediate  shaft  B  may  have  any  length. 
When  it  is  made  very  short,  the  whole  mechanism  becomes  a  double 
universal  coupling. 

When  the  three  shafts  A,  B,  and  C  do  not  lie  in  the  same  plane, 
A  and  C  can  be  given  the  same  angular  velocity  by  placing  the 
forks  on  the  ends  of  the  intermediate  shaft  B  so  that  when  one  lies 
in  the  plane  of  A  and  B,  the  other  will  lie  in  the  plane  of  B  and  C* 

73.  Almond's  angular  coupling.— Fig.  76  represents  a  coupling 
for  intersecting  shafts  making  any  angle  within  practical  limits, 
which  gives  the  same  angular  velocity  to  both  at  any  instant.  The 
frame,  bearings,  and  rod  F  form  a  single  rigid  piece.  A  cap  or 
disk  in  is  attached  to  the  end  of  the  shaft  A.  A  pin  p  passes 
through  the  cap,  perpendicular  to  and  intersecting  the  axis  of  the 
shaft.  This  pin  carries  an  arm  C,  which  turns  about  p  as  a  pivot, 
the  opposite  end  having  a  ball-and-socket  bearing  into  which  fits 
the  end  of  an  arm  a  that  is  part  of  the  casting  aeb.  When  A  ro- 
tates, the  arm  c  is  driven  by  the  pin  p,  which  in  turn  drives  a.  The 
casting  aeb  is  thus  given  a  motion  of  rotation  and  translation  upon 
the  rod  F.  The  remaining  parts  of  the  coupling  are  exact  dupli- 
cates of  those  described,  and  the  arm  b  is  a  duplicate  of  a,  so  that 
the  shaft  B  is  driven  by  b  acting  upon  d. 

In  Fig.  77  the  centre  lines  of  the  coupling  are  shown  in  two  po- 
sitions on  the  coordinate  planes  H,  V,  and  S.  The  first  position  is 
the  same  as  that  of  Fig.  76;  the  second  is  that  after  the  shaft  has 
rotated  through  an  angle  a,  the  rocker-arm  on  F  moving  through 
an  angle  /?  at  the  same  time,  and  the  shaft  B  through  an  angle  a'. 
The  notation  is  the  same  as  that  of  Fig.  76,  with  a  few  additions  to 
be  explained  later.  The  letters  are  primed  to  indicate  the  position 
after  movement  has  occurred. 

The  point  £,  which  is  the  intersection  of  a  and  c,  is  constrained 
by  the  arm  a  to  move  in  the  surface  of  a  cylinder  whose  centre  is 
the  axis  of  F,  and  whose  radius  is  a;  t  is  also  constrained  by  c  so 
that  it  must  always  remain  in  the  surface  of  a  sphere  of  radius  c, 
whose  centre  is  at  the  intersection  of  c  and  A.  Since  t  must  lie  in 
the  surfaces  of  both  a  cylinder  and  a  sphere,  its  path  (locus)  is  their 

*For  further  discussion  of  the  Hooke's  coupling,  see  "  Principles  of  Mech- 
anisms," by  R.  Willis,  1870. 
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intersection.  A  portion  of  this  path,  gli,  is  shown  on  (£);  the  pro- 
jection on  (H)  is  an  arc  of  a  circle  with  centre  at  F  and  radius  a. 
The  path  of  r,  the  intersection  of  b  and  d,  is  exactly  the  same  as 


FIG.  77. 

that  of  t  in  form  and  extent,  for  the  operation  of  the  mechanism 
requires  b  and  d  to  be  of  the  same  length  as  a  and  c  respectively, 
and  to  occupy  the  same  relative  position  with  regard  to  F.  A  por- 
tion of  this  path  is  shown  in  the  curve  kl  on  ( V). 

Suppose,  now,  that  A  has  rotated  through  an  angle  a  and  the 
angle  of  It's  rotation  is  required.  A  is  projected  on  ($),  Fig.  77,  as 
a  point  As.  The  arm  c,  attached  to  A,  makes  the  angle  a  with  its 
initial  position,  and  is  now  projected  at  e/;  its  articulation  with  a 
must  lie  on  gh  and  is,  therefore,  at  ts'.  The  horizontal  projection 
i'  is  at  the  intersection  of  a  line  through  ts'f  perpendicular  to  QQ', 
with  the  circle  of  radius  a  and  centre  F ';  QQ'  is  parallel  to  the 
ground  line  of  (H)  and  (S);  joining  F  and  t'  gives  the  angle  ft, 
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through  which  a  has  moved,  and  the  position,  a',  after  the  motion. 
Since  a  and  b  are  rigidly  connected  (practically  they  are  one  piece) 
they  must  both  rotate  through  equal  angles,  so  by  drawing  V  at  an 
angle  ft  with  its  first  position,  its  intersection  with  the  same  circle 
upon  which  t'  lies,  gives  r'9  which  is  the  articulation  of  1}  and  d; 
rv'  is  found  by  drawing  a  perpendicular  to  the  ground  line  of  (H) 
and  (V),  intersecting  kl  at  r/;  joining  rvf  arid  Bv  (the  latter  is  a 
point)  gives  the  position  d'v  ,  of  d  after  rotation,  and  also  the 
angle  a' . 

Now  pass  two  planes  through  F  perpendicular  to  ( V)  and  (IS) 
so  that  their  traces  are  FP'  and  FQ'.  The  distance  of  both  ts'  and 
t'  from  FP'  is  x;  the  distance  of  rf  and  rv'  from  QQ'  is  y.  But 
a'  —  b',  and  they  make  equal  angles  with  PP*  and  QQ'  respect- 
ively, therefore  y  =  x,  i.e.,  tj  and  rv'  are  at  equal  distances  from 
the  planes  in  which  they  were  lying  in  their  initial  positions,  and, 
since  they  travel  in  similar  paths  and  are  restrained  by  links  of 
equal  lengths,  the  angles  of  similar  links  with  their  respective 
planes  must  be  equal;  therefore  a'  =  a;  but  a'  measures  the 
angle  of  B's  rotation,  therefore  both  shafts  have  passed  through, 
equal  angles,  and  since  a  is  any  angle,  their  velocity  ratio  is  con- 
stant and  equal  to  unity. 

The  same  general  form  of  coupling  can  be  used  for  a  constant 
velocity  ratio  even  when  the  shafts  do  not  intersect,  including 
parallel  shafts.  In  such  cases  the  axis  of  the  standard,  F,  must  in- 
tersect the  axes  of  both  shafts  at  right  angles,  and  the  arms  a  and  b 
must  lie  at  a  distance  apart,  measured  along  F,  equal  to  the  length 
of  the  part  of  flying  between  its  intersections  with  the  two  shafts. 

The  angle  between  the  rigidly  connected  arms  a  and  b  must  be 
equal  to  that  between  the  shafts  connected  by  the  coupling.  When 
the  axes  of  the  shafts  are  coincident,  they  will  rotate  in  opposite 
directions.  Parallel  shafts  on  the  same  side  of  F  will  rotate  in  the 
same  direction;  those  on  opposite  sides  of  F,  in  opposite  directions. 

Another  form  of  the  Almond  coupling  has  duplicate  rigid  crank- 
arms  attached  to  the  ends  of  the  shafts.  Each  arm  has  a  ball  at  its 
effective  radial  length.  The  ball  has  a  hole  through  it  to  receive 
one  of  the  arms  a  and  b.  These  are  turned  to  a  uniform  diameter 
so  as  to  slide  freely  through  the  balls. 

Still  another  form  has  the  same  rigid  cranks  on  the  shafts,  but 
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instead  of  having  the  arms  a  and  Z>  made  to  slide  through  the  ball, 
they  are  made  telescopic,  one  end  being  a  part  of  the  spherical  por- 
tion of  the  universal  joint. 

74.  The  Oldham  coupling,  Fig.  78,  can  be  used  for  connecting 
shafts  which  are  slightly  out  of  line  but  whose  axes  are  parallel  or 


FIG.  78. 

very  nearly  so.  Duplicate  flanges,  C  and  D,  are  attached  to  the 
end  of  each  shaft.  Each  flange  has  a  groove  running  across  the 
centre  of  its  face.  Between  these  flanges  is  a  disk  E,  with  two 
tongues  running  across  its  opposite  faces  at  right  angles,  which  fit 
into  the  grooves  of  the  flanges  as  shown.  Since  the  grooves  of  the 
flanges  are  always  held  at  right  angles  to  each  other  by  the  tongues 
on  the  intermediate  disk,  both  shafts  must  always  turn  with  the 
same  angular  velocity.  The  sliding  of  the  tongues  in  the  grooves 
allows  for  the  lack  of  alignment  of  the  shafts. 

This  coupling  is  used  for  the  main  shafts  of  steamships,  dyna- 
mos, engines,  etc.,  where  the  shafts  are  liable  to  be  thrown  slightly 
out  of  alignment  by  slight  movements  of  the  bearings. 


CHAPTER  IV. 
BELT     GEARING. 

75.  There  are  many  cases  arising  in  practice  where  one  shaft  or 
rotating  piece  is  to  act  as  a  driver  for  a  second  one,  it  being  neces- 
sary to  have  only  an  approximately  constant  velocity  ratio  between 
them.     Belting  or  bands  are  used  for  this  purpose  with   entire 
satisfaction.     By  far  the  most  common  is  the  flat  band  running  on 
circular  cylinders  or  pulleys  attached  to  and  concentric  with  the 
shafting.     Round,  square,   triangular,  and  other  forms  are   more 
limited  to  special  requirements. 

If  a  material  perfectly  inextensible  could  be  used  for  a  belt,  and 
run  without  slipping  on  the  pulleys,  a  constant  velocity  ratio  would 
be  attained.  While  this  is  by  no  means  the  condition  in  practice, 
it  is  customary  to  assume  it  as  true  for  convenience  in  calculating 
the  diameters  of  pulleys  and  their  angular  velocities,  and  then  to 
allow  for  the  discrepancy  by  an  amount  which  practice  shows  to  be 
correct  under  the  existing  conditions.  The  kinematics  of  belting 
will,  therefore,  be  dealt  with  as  if  the  belt  were  inextensible  and 
without  slip  on  the  pulleys.  The  thickness  of  the  belt  is  also 
neglected. 

76.  Parallel  shafts  and  guidance  of  belts.— Fig.  79  shows  an  open 
belt  connecting  pulleys  on  the  parallel  shafts  A  and  B.     Every 
part  of  the  belt  moves  with  the  same  velocity  (according  to  the 
assumptions  of  the  preceding  section),  and,  since  the  belt  is  in 
contact  with  both  pulleys,  the  linear  velocities  of  their  surfaces  are 
equal.    Their  angular  velocities  are,  therefore,  inversely  proportional 
to  their  radii.     The  shafts  connected  with  the  open  belt  rotate  in 
the  same  sense.     In  order  to  have  them  rotate  in  opposite  senses, 
the  belt  must  be  crossed  as  shown  in  Fig.  80. 

When  the  velocity  ratio  of  two  shafts  is  very  large,  it  becomes 
inadmissible,  on  account  of  practical  reasons,  to  connect  their  pul- 
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leys  directly  by  a  belt.     In  such  a  case  an  auxiliary  shaft  with  two 
pulleys  of  different  diameters  is  used.     This  additional  shaft  is 


LI 


FIG.  79. 


generally  called  a  counter-shaft  or  jack-shaft.  Its  velocity  is  inter- 
mediate between  those  of  the  driving  and  driven  shafts.  The 
velocity  ratio  of  the  first  and  last  pulleys  of  the  set  is  found  in  the 
same  way  as  for  a  train  of  gears  (§  71). 

For  example,  suppose  that  a  circular  saw  is  to  be  driven  at  3000 


FIG.  80. 


revolutions  per  minute,  power  being  supplied  by  a  line  shaft  mak- 
ing 150  rev.  per  min.  The  velocity  ratio  is  1  to  20.  This  would 
give  1 :  V20  =  1  :  4.47  +  for  equal  ratios  of  line  shaft  to  counter- 
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shaft,  and  counter-shaft  to  saw.  (See  Fig.  81.)  But  there  is  no 
reason  why  these  ratios  should  be  equal,  while,  for  practical  reasons 
in  making  pulleys,  etc.,  it  is  customary  to  use  values  differing  from 
these. 

Choose  the  ratio  of  the  line  shaft  to  the  counter-shaft  as  1  :  4, 
then  that  of  the  counter-shaft  to  the  saw  must  be  1  :  5.  Suppose 
that  the  largest  pulley  that  can  be  used  on  the  line  shaft  is  32"  in 


FIG.  81. 

diameter,  then  the  one  which  carries  the  same  belt  on  the  counter- 
shaft must  be  32"  ~  4  =  8"  in  diameter;  while  the  other  one 
on  the  counter-shaft,  carrying  the  belt  leading  to  the  saw,  must  be 
5  X  5"  =  25". 

If  a  side  pressure  is  applied  to  the  edge  of  a  belt  that  is  approach- 
ing a  cylindrical  pulley,  as  the  pressure  P,  in  Fig.  82,  the  belt  will 
be  thrown  out  of  its  position  normal  to  the  axis  of  the  pulley, 
and  will  be  shifted  along  the  pulley  from  end  to  end  in  the  direc- 
tion of  the  force.  Hence  it  is  evident  that  in  order  for  a  belt  to 
maintain  its  position  on  a  pulley,  its  centre  line  on  the  approaching 
side  must  lie  in  a  plane  perpendicular  to  the  axis  of  the  pulley. 
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As  a  belt  is  never  actually  uniform  and  straight,  and  is  liable  to 
ran  off  the  pulley,  especially  if  slipping  occurs,  the  faces  of  pulleys 


FIG.  82. 


whose  belts  are  not  to  be  shifted,  are  turned  crowning  (convex),  as 
shown  in  Fig.  83.    When  the  belt  is  on  either  side  of  the  pulley,  the 


FIG.  83. 


crowning  face  throws  it  into  the  position  shown  in  the  figure, 
thus  causing  it  to  move  to  the  centre  of  the  pulley,  where  it  will 
remain  as  long  as  the  normal  conditions  of  running  exist,, 

77.  Shafts  neither  parallel  nor  intersecting. — Pulleys  on  shafts 
having  this  relation  can  be  placed  so  that  a  plane  through  the 
centre  of  either  pulley  perpendicular  to  its  shaft,  will  pass  through 
the  centre  of  the  rim  of  the  other  pulley  at  the  point  of  tangency 
of  a  line  lying  in  the  plane  and  tangent  to  both  pulleys.  This  ful- 
fils the  conditions,  stated  in  the  preceding  paragraph,  for  a  belt  to 
maintain  its  position  on  a  pulley. 
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Fig.  84  shows  the  position  of  the  pulleys  on  two  shafts  making 
an  angle  of  90°.     The  belt  will  run  only  in  the  direction  indicated 


FIG.  84. 

by  the  arrows.  In  order  to  have  rotation  in  the  opposite  direction, 
each  pulley  would  have  to  be  moved  along  its  shaft  a  distance 
equal  to  the  diameter  of  the  other,  so  that  they  would  occupy  the 
positions  indicated  by  the  broken  lines. 

Two  shafts  A  and  B,  Fig.  85  (perpendicular  to  the  paper),  can 
be  connected  by  belting  running  on  pulleys  properly  placed  when 


FIG.  85. 


the  shafts  are  parallel,  and  then  they  may  be  thrown  out  of  paral- 
lelism by  rotating  either  shaft  about  a  line  CD,  drawn  tangent  to  the 
pulleys  at  their  face  centres  on  the  sides  where  the  belt  leaves  them. 
For  suppose  that  the  belt  and  line  CD  are  tangent  to  the  pulleys  at 
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the  same  points  C  and  D  (which  is  practically  true  when  the  distance 
between  the  shafts  is  several  times  the  diameter  of  the  larger  pul- 
ley), then,  if  B  is  rotated  about  CD,  the  portion  CE  of  the  belt, 
which  is  advancing  toward  B,  will  always  remain  in  the  plane  pass- 
ing through  E9  D,  and  C,  which  is  the  plane  through  both  the  centre 
of  the  pulley  on  B  and  the  point  where  the  centre  of  the  belt  leaves 
the  pulley  on  A9  and  therefore  the  belt  will  always  be  guided  cor- 
rectly toward  B ;  the  point  D  does  not  move  during  the  rotation, 
hence  the  portion  of  the  belt  approaching  the  pulley  on  A  will  lie 
in  the  plane  through  the  centre  of  the  pulley.  The  belt,  therefore, 
will  remain  in  the  correct  position  upon  the  pulleys. 

78.  Pulleys  for  intersecting  shafts. — When  two  shafts  lying  in 
the  same  plane  are  not  parallel,  but  lie  as  shown  in  Fig.  86,  it  is  not 


FIG.  86. 


possible  to  place  pulleys  on  them  in  such  a  way  as  to  make  a  belt 
run  upon  them.  A  glance  at  the  figure  will  show  that  the  pulleys 
can  not  be  placed  so  that  the  belt  will  be  guided  properly  toward 
both  of  them.  A  pair  of  auxiliary  guide  pulleys,  called  idle  pulleys, 
can  be  used,  however,  as  shown  in  Fig.  87,  where  A  and  B  are  the 
two  shafts  intersecting  at  (7;  the  idle  pulleys  are  placed  at  D,  so  as 
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to  be  tangent  to  the  planes  passed  through  the  centres  of  the  pul- 
leys on  A  and  B.  The  idlers  may  both  be  on  the  same  shaft  or  on 
separate  ones,  which  may  be  parallel  or  not.  The  diameters  of  the 


FIG.  87. 

idlers  are  dependent  upon  practical  conditions  only.  An  infinite 
number  of  positions  of  the  pulleys  on  A  and  B  will  permit  proper 
guidance  of  the  belt. 

79.  Drum  for  shifting  a  belt. — As  explained  in  §  76,  a  running 
belt  can  be  moved  along  a  pulley  by  pressure  applied  against  one  of 
its  edges.  This  method  is  commonly  practised  when  belts  are  to  be 
shifted  from  one  pulley  to  another,  as  on  counter-pulleys  for  driving 
lathes  and  other  machinery  which  is  frequently  stopped  and  started. 
It  is  perfectly  satisfactory  for  narrow  belts. 

When  a  very  wide  belt  is  to  be  shifted,  however,  the  necessary 
pressure  against  its  side  becomes  so  great  as  to  injure  it  by  bending 
up  the  edges  and  making  them  irregular.  Some  other  means  must, 
therefore,  be  adopted  in  order  to  obtain  satisfactory  results. 

The  method  illustrated  in  Fig.  88  has  been  found  very  satisfac- 
tory. The  shafts  A  A  and  BB  are  parallel;  the  axis  CC9  of  the 
drum  E,  lies  in  a  plane  parallel  to  that  of  the  pullpy-shafts,  but 
makes  an  angle  with  the  shafts.  When  the  belt  is  run  in  the  position 
shown,  E  is  kept  free  from  it.  In  order  to  shift  the  belt  so  that  it 
will  run  on  /),  the  drum  E  is  pressed  against  the  belt,  and,  on 
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account  of  its  angularity,  gradually  guides  it  over  to  D.  The  drum 
must  then  be  removed  from  contact  with  the  belt.  It  is  assumed 
that  A  A  is  the  driver. 

It  is  found  in  practice  that  an  angle  of  75°  between  the  axis  of 
the  drum  and  the  centre  line  of  the  belt  gives  good  results. 


FIG.  88. 

For  shifting  the  belt  from  D  back  to  the  original  position 
shown,  the  drum  can  be  swung  around  so  as  to  make  the  same 
angle  with  the  belt  in  the  opposite  direction,  as  shown  by  the 
dotted  lines,  and  pressed  against  it,  or  another  drum  can  be  placed 
on  the  opposite  side  of  the  same  clear  stretch  of  the  belt,  in  the 
position  of  the  dotted  lines. 

80.  Length  of  belts.— In  Fig.  89  the  shafts  A  and  B  are  con- 


FIG.  89. 

nected  by  a  crossed  belt.     The  notation  is  : 
d  =  distance  between  shafts; 
R  =  radius  of  large  pulley; 
r  =  radius  of  small  pulley; 
6  =  ans'le  of  belt  with  centre  line  AB. 
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The  length  L  of  the  crossed  belt  is  found  by  the  formula 

L  =  2  Vcr  -  (R  +  r)*  +  (R  +  r)[ n  +  2  arc  sin'1  — 1"— 1-       (1) 

The  formula  for  an  open  belt,  shown  in  Fig.  90,  when  the  same 
notation  is  used,  is 


2(R-r)\  arc  sin' 


FIG.  90. 

81.  Stepped  or  cone  pulleys. — In  such  machine  tools  as  lathes, 
drill-presses,  milling-machines,  boring-mills,  etc.,  it  is  desirable  to 
have  a  variation  of  "speed.  In  order  to  obtain  this  variation  when 
power  is  applied  through  belting,  several  pulleys  of  different  diam- 
eters are  placed  side  by  side  on  the  driving-shaft,  and  a  corre- 
sponding set  runs  on  the  driven  shaft  which  is  a  part  of  the 
machine.  All  of  the  pulleys  of  a  set  on  one  shaft  are  generally 
cast  in  one  piece,  which  is  called  a  stepped  or  cone  pulley.  These 
pulleys  must  be  placed  so  that  when  the  belt  runs  on  the  smallest 
step  of  either  one,  it  will  run  on  the  largest  step  of  the  other.  In 
other  words,  the  cone  pulleys  are  placed  with  their  large  ends  in 
opposite  directions. 

Since  the  same  belt  is  used  on  all  the  steps  of  the  pulleys,  it  is 
necessary  not  only  that  a  pair  of  mates  lying  in  the  same  plane 
shall  give  the  correct  velocity  ratio,  but  they  must  also  be  of  such 
diameters  that  the  same  length  of  belt  is  required  as  is  suitable  for 
all  other  pairs. 

When  the  belt  is  crossed,  the  length  is  obtained  from  formula 


BELT   GEARING. 


115 


(1),  §  80,  in  which  the  only  variables  are  R  and  r.  But  their  sum 
is  always  dealt  with  as  a  quantity;  therefore,  in  order  to  give  a 
constant  value  to  L,  it  is  only  necessary  that  (R  -j-  r)  shall  be  a 
constant,  i.e.,  the  sum  of  the  radii  of  any  pair  of  steps  on  cone 
pulleys  carrying  a  crossed  belt  must  be  constant. 

If  the  radii  R'  and  r'  of  a  pair  of  steps  are  given,  the  radii  R 
and  r  of  another  pair  having  the  ratio  R  -*-  r  =  a,  can  be  found  by 
the  following  formulae : 


R  -r-  r  = 


therefore 


=  ar 


and 


Therefore 


R  +  r  =  R'  +  r',    or    ar  +  r  =  R' +  r'. 


r  = 


R' 


and       R  =  a 


R'  +  r' 


The  open  belt  does  not  have  a  formula  for  obtaining  its  length 
that  admits  of  such  easy  application  for  determining  the  diameters 
of  the  steps  of  the  pulleys.  In  this  case  both  the  sum  and  differ- 
ence of  the  radii  enter.  -(See  equation  (2),  §  80.)  If  R  and  r  vary 
in  value,  the  term  (R  —  r)  would  vary,  causing  two  of  the  terms  of 


FIG.  91. 

the  equation  to  vary,  thus  making  a  solution  of  the  equation  for 
constant  values  of  L  practically  impossible. 

The  following  approximate  graphical  method  is  applicable:* 
Having  given  the  distance  d  between  the  shafts  A  and  B,  Fig.  91, 
and  the  radii  of  one  pair  of  steps,  describe  the  circles  to  represent 
them  and  draw  a  straight  line  tangent  to  them  at  J  and  A";  at  G, 

*  "  An  Improved  Method  for  Finding  the  Diameters  of  Cone  and  Step 
Pulleys,"  by  C.  A.  Smith  in  Trans.  Amer.  Soc.  Mech.  Eng.,  vol.  x.  p.  269. 


116  KINEMATICS   OF   M  A.CHLNEKY. 

the  centre  of  AB,  erect  a  perpendicular  GO,  of  a  length  equal  to 
0.314^  (the  coefficient  0.314  is  a  quantity  experimentally  deter- 
mined), and  with  C  as  a  centre  describe  the  arc  HI  tangent  to  JK. 
Now  suppose  that  the  radius  BD  of  one  step  of  another  pair  is 
given;  the  radius  AE  of  the  corresponding  step  is  found  by  de- 
scribing the  circle  of  radius  BD  and  centre  at  B,  and  drawing  a 
tangent  DE  to  it  and  the  arc  HI.  A  circle  with  A  as  a  centre, 
drawn  tangent  to  DE,  has  a  radius  such  that  the  same  length  of 
belt  will  run  on  the  second  pair  of  steps  as  on  the  given  pair. 

The  solution  can  also  be  made  when  one  pair  of  steps  and  the 
velocity  ratio  a  of  another  pair  are  given.  In  Fig.  91,  extend  DE 
until  it  intersects  the  line  of  centres  at  F,  whose  distance  from  A 
equals  x.  Then,  from  similar  triangles,  and  by  taking  a  as  the 
angular  velocity  ratio  of  A  to  B  =  BD  -f-  AE, 

x  +  d      BD  d 

—  =  —;-=,  =  a ;     therefore    x  = 


AE  a -I 

From  this  it  can  be  seen  that  by  taking  FA  equal  to  d  ^  (a  —  1), 
and  drawing  a  line  through  F  tangent  to  HI,  the  circles  with 
centres  at  A  and  B,  tangent  to  FD,  will  give  the  required  velocity 
ratio  and  take  the  proper  length  of  belt. 

When  the  smaller  pulley  is  at  B,  the  value  of  a  becomes  less 
than  1.  The  value  of  x  thus  becomes  negative,  which  indicates 
that  it  must  be  measured  from  A  toward  the  left  in  the  figure. 

For  extreme  velocity  ratios  the  length  of  the  perpendicular  at 
the  middle  of  the  line  of  centres  is  slightly  different  from  the  value 
given  (0.3146?),  but  the  difference  is  so  slight  as  not  to  need  con- 
sideration except  in  cases  where  great  accuracy  is  desired.* 

82.  Geometrical  series  of  cone  -  pulley  speeds.  —  When  one 
stepped  pulley  runs  at  a  constant  speed  and  that  of  the  other  is 
changed  by  shifting  the  belt  from  one  pair  of  mates  to  another,  as 
for  a  lathe,  it  may  be  desirable  to  have  the  changes  of  speed  bear  a 
constant  ratio  to  each  other,  forming  a  geometrical  series.  Thus, 
for  a  five-stepped  cone  the  desired  speeds  may  be  20,  40,  80,  160, 
and  320  revolutions  per  minute,  the  ratio  for  each  change  being  2. 

*  For  the  other  values  see  original  article  in  Trans.  Arner.  Soc.  of  M<-  ch. 
Engs.  When  the  angle  between  the  belt  and  centre  line  of  the  pulleys  exceeds 
18°,  the  distance  CO  is  taken  as  .298(2. 
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If  the  highest  and  lowest  speeds  are  given,  together  with  the 
number  of  steps,  it  becomes  necessary  to  find  the  geometrical  ratio. 
This  can  be  done  by  tho  ordinary  method,  of  course.  For  con- 
venient reference  it  will  be  given  here. 

For  the  general  case  take 
JV=  revolutions  per  minute  when  the  belt  is  on  the  smallest  step 

of  the  driven  cone; 
n  =  revolutions  per  minute  when  the  belt  is  on  the  largest  step  of 

the  driven  cone; 
JS  =  number  of  steps.     When  back  gears  are  to  be  used,  S  may  be 

taken  to  represent  the  total  number  of  speeds  to  be  obtained. 

With  the  single  pair  of  back  gears  common  to  engine  lathes 

of  the  smaller  sizes,  8  would  thus  become  twice  as  great  as 

when  no  back  gears  are  used. 
O  =  geometrical  ratio  of  successive  speeds. 


Then  G 

From  this  value  of  G  the  speeds  of  the  intermediate  steps  can 
be  determined  readily. 

As  a  numerical  example,  take  the  following: 


n=50',  £=6. 
Then  G  =  V*      =  fl8  =  1.782. 


And  the  revolutions  throughout  the  range,  given  in  the  nearest 
whole  number,  are 

50,     89,     159,     283,     505,     900. 

The  remainder  of  the  solution  is  the  same  as  given  in  §  81.* 
A  method  of  locating  the  points  corresponding  to  jPof  Fig.  91, 
and  of  obtaining  a  geometrical  velocity  ratio  of  speeds,  both  graphi- 
cally, is  shown  in  Fig.  92,  where  AB  is  the  distance  between  cone 
centres,  and  PD  and  Hd  pass  through  A  and  B  respectively,  and 
are  perpendicular  to  AB. 

*  Professor  Robinson,  in  his  "Principles  of  Mechanisms,"  gives  a  complete 
graphical  solution  for  a  geometrical  series  of  speeds.  It  is  given  briefly  here, 
by  his  consent. 
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If  the  constant  speed  of  the  counter-shaft  and  one  speed  of  the 
lathe- spindle,  which  may  be  the  fastest,  are  given,  the  solution  for 
finding  the  diameters  of  the  cone-steps  for  this  speed  is  as  follows: 

Take  AD,  according  to  any  convenient  scale,  as  the  speed  of  the 
counter-shaft,  and  Bd,  to  the  same  scale,  as  the  speed  of  the  lathe- 


FIG.  92. 

spindle;  draw  Del  cutting  AB  at  T\  take  AS  as  the  diameter  of 
the  smallest  cone-step,  and  draw  TSH,  thus  obtaining  BH  as  the 
diameter  of  the  largest  counter-corre-step. 

Draw  LO  normal  to  AB  midway  between  A  and  B,  and  with 
a  radius  OM=  .318AB,  draw  the  arc  GM  tangent  to  TH. 

Be  may  now  be  taken  as  the  speed  of  the  lathe-spindle  for 
another  pair  of  steps.  To  determine  the  diameters  of  these  steps,. 
draw  cD  cutting  AB  at  U,  and  draw  URI  tangent  to  the  arc  GH* 
AR  and  .Z?/are  the  required  diameters  of  the  steps. 

If  the  steps  just  found  are  to  give  one  speed  of  a  geometrical 
series,  of  which  Bd  is  the  step  for  the  fastest,  the  speed  Be  can  be 
found  by  the  equation  given  above.  The  remaining  speeds  and  steps 
can  then  be  found  by  taking  Bf  at  any  convenient  angle  with  Bd> 
drawing  bg  and  cf,  and  then  the  lines  eg,  gb,  bli,  and  ha  parallel  to- 
df  and  ^/"respectively,  as  shown.  The  distances  ob,  be,  and  cd  will 
then  be  in  geometrical  ratio. 

If  any  line,  as  Db,  does  not  intersect  AB  on  the  drawing-board, 
the  steps  can  be  determined  by  the  proportion 

Bb  :  BJ::  AD  :  AQ. 
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83.  Diagram  for  determining  diameters  of  cone-pulley  steps.— 
The  ratio  of  the  diameters  of  the  steps  of  a  pair  of  cone  pulleys 
varies  from  unity,  when  the  diameters  are  equal,  to  infinity,  theo- 
retically, when  the  radius  of  the  larger  equals  the  distance  between 
their  axes  and  that  of  the  smaller  is  zero.  While  an  infinite  ratio 
can  never  exist  practically,  it  is  convenient  to  assume  it  in  order  to 
determine  the  curves  of  a  diagram  that  can  be  used  graphically  for 
finding  the  diameters  of  pairs  of  steps  which  will  require  a  constant 
length  of  open  belt. 

In  order  to  make  a  single  series  of  calculations  give  the  radii 
for  a  variation  of  diameter  ratios  from  unity  to  infinity,  the  radius 
of  the  largest  step  must  be  taken  equal  to  the  distance  between 
pulley  centres.  This  gives  diameters  so  large  for  the  intermediate 
steps  that  the  sum  of  the  radii  of  any  two  mates  exceeds  the  dis- 
tance between  shaft  centres,  and,  consequently,  the  complete 
circumference  of  such  a  pair  of  steps  can  not  be  placed  on  shafts 
so  that  the  belt  will  run  upon  them.  This  apparently  destroys  the 
usefulness  of  the  diagram.  It  is  only  apparently,  however,  for  it 
will  be  shown  later  that  it  can  be  used  to  determine  the  diameters 
of  any  series  of  pairs  of  steps  that  can  be  placed  in  proper  positions 
on  the  shafts,  and  will  require  the  same  length  of  open  belt  for 
every  pair. 

Any  distance  between  centres  of  pulleys  can  be  used  for  the 
calculations  and  diagram.  For  convenience  it  will  be  taken  as  10 
units. 

The  following  notation  is  used : 

d  =  distance  between  pulley  centres; 
R  =  radius  of  the  larger  of  a  pair  of  steps; 
r  =  radius  of  the  smaller  of  a  pair  of  steps; 
p  =  radius  of  each  step  when  they  are  equal ; 
L  —  length  of  belt. 

Put  R  =  d  ;  then 

r  =  0     and     L  =  ZttR  =  Zxd  =  2x10  =  62.832. 
Again,  take  R  =  r\  then 

L  =  n(R  +  r)  +  2d  =  %7tR  -f  2d, 
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whence 


L-2d 
~2n 


62.832  -  20 


=  6.817  =  r  =  p. 


For  the  construction  of  a  diagram  for  determining  the  diameters 
of  pulley  steps,  draw  a  horizontal  line  OP,  Fig.  93,  and  from  P 
measure  a  vertical  distance  PQ  of  10  units. 

This  is  the  radius  of  the  larger  step  when  the  ratio  of  diameters- 
is  infinity.  From  0  measure  6.817  units,  this  being  the  radius  of 


7.301 
7.063 
6.817 
6.563 
6.305 


4.817 


1.817 


Diagram  for  radii  of  cone  pulleys 


E     F 


FIG.  93. 


both  pulleys  when  R  =  r  as  found  above.  Intermediate  points  on 
the  curves  A  and  B  can  be  found  by  assuming  values  for  (R  —  r) 
and  solving  for  values  of  R  and  r  that  will  keep  L  a  constant,  as 
follows : 
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Take  R  —  r  =  0.5;  then,  substituting  in  the  equation  for  length 
of  open  belt,  which  is 


L  =  2  Vd*  -(R-  r) 
which  may  be  written 


n(R  +  r) 


-  r)( 


=  L-2  Vd*  -  (R  -  r)2  -  2(R  - 


arc  sn 


sn 


gives 


n(R  +  r)=L  —  2  VlQO  -  (0.5)2  -  2 (0.5)  (arc  sin"1  ^ 

(2°  52'  =  172') 


=  L  -  2  t/99.75  -  arc  of  2°  52' 

172 
=  L  -  2  x  9.9875  -  —2* 

=  62.832  -  19.975  -  0.5  =  42.807. 


Whence 


R  +  r  =  42.807  -^  n  -  13.626, 
and  since  R  —  r  =  0.5,  2#  =  14.126  by  addition; 
therefore  R  =  7.063;  R  -  p  =  7.063  -  6.817  =  0.246, 
and  p  —  r  —  6.817  —  6.563  =  0.254. 

At  E  on  OP  (a  convenient  value  of  OE  being  .05  of  OP),  erect 
a  perpendicular  and  measure  from  E  the  distances  that  have  just 
been  found  as  values  of  R  and  r  (i.e.,  7.063  and  6.563).  This  gives 
a  point  on  each  of  the  curves  A  and  B. 

Other  points  are  found  in  the  same  manner;  thus,  when 
R  -  r  =  1, 


n(R  +  r)  =  L  -  2  VlOO  -  1  -  2(l)(arc  sin'1  ^) 
=  L  -  2  X  9.949  -  2  arc  of  5°  44' 
=  62.832  -  19.898  -  0.2002  =  42.734. 
Whence 

R  +  r  =  42.734  -^  n  =  13.603; 
and  since  R  —  r  =  1,  therefore 

R  =  7.301;   R  -  p  =  7.301  -  6.817  =  0.484; 
r=R  —  l  =  6.301;    and  p  —  r  =  6.817  -  6.301  =  0.516. 
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These  values  are  laid  off  from  F  as  the  others  were  from  Ey 
taking  EF  =  OE  for  convenience,  and  two  more  points  of  curves 
A  and  B  are  thus  determined.  Finally,  when  a  sufficient  number 
of  points  have  been  located,  the  smooth  curves  A  and  B  are  drawn 
through  them.  From  the  method  of  obtaining  the  curves  it  can 
be  seen  that  any  perpendicular  to  OP  will  intersect  A  and  B  at 
points  whose  distances  from  OP  are  the  radii  of  a  pair  of  steps 
whose  belt  length  is  the  same  as  that  of  any  other  pair  determined 
in  the  same  way. 

Thus  far  OP  has  been  taken  as  the  centre  line  of  the  cone 
pulleys.  It  will  now  be  shown  that  any  other  line  XY,  parallel  to 
OP  and  at  a  distance  not  greater  than  6.817  above  it,  can  be  used 
as  a  datum  line  from  which  to  measure  the  radii  of  pairs  of  steps 
whose  centres  are  on  XY,  and  whose  belt  length  is  constant. 

To  do  this  it  is  necessary  to  show  that  the  radii  measured  on 
any  normal  to  OP,  as  FH,  will  require  the  same  length  of  belt  as  a 
pair  of  steps  having  the  radius  p  —  YP'  . 

The  radii  of  a  pair  of  steps  are  both  measured  on  the  same 
normal  to  XY,  and  are  the  distances  from  XY  to  the  curves 
A  and  B. 

On  FI  the  difference  of  radii  is  GI  =  R  —  r  in  the  formula. 
This  is  a  constant  quantity  for  the  line  FI  wherever  the  datum 
line  XY  may  be  taken. 

The  formulae  for  open  belt  length  are 

d),  and 


=  n(R  +  r)  +  2  Vd2-  (£-*•)"+  2(R-r)    are  sin-  l 


In   the  last   formula   R  —  r  is   a  constant  for  the  line   FL 
Therefore 

Z(7rp  -f  d)  —  n(R  +  r)  +  constant, 
whence 


-  constant.  (3) 
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Adding  the  constant  (It  —  r)  to  both  sides  of  the  equation  gives 
2R  =  2p  +     ~~  +  (R  -  r)  -  constant,! 

in  which  the  bracketed  quantity  is  a  constant;  therefore 

R  —  p  -(-  constant  ........     (4) 

By  subtracting  R  —  r  from  both  terms  of  (3),  it  is  shown  in  the 
same  manner  that 

r  =  p  —  constant  ........     (5) 

Equations  (4)  and  (5)  are  true  for  all  values  of  p,  for  the  line 


taken  at  any  distance  from  the  meeting  point  of  the  curves 
A  and  B.  And  since  FI  is  any  normal  to  OP,  they  are  also 
true  for  all  normals  to  OP.  The  diagram,  therefore,  can  be  used 
for  any  datum  line  between  0  and  the  intersection  of  the  curves 
A  and  B. 

The  above  demonstration  may  be  expressed  as  follows:  For  any 
given  value  of  R  —  r,  'whatever  the  values  of  R  and  r,  R  is  always 
a  certain  fixed  amount  larger  and  r  another  fixed  amount  smaller 
than  the  corresponding  p,  the  value  of  d  being  constant. 

A  numerical  example  may  serve  to  make  this  more  clear.  Take 
XY  at  a  distance  4.187  above  OP.  This  makes  p'  —  2  =  distance 
from  XY  to  the  intersection  of  A  and  B,  this  distance  being  chosen 
simply  as  a  convenient  value. 

Then         L'  =  Z(np'  +  d)  =  2(2*  +  10)  =  32.5664. 

Take         JB'-r'  =  0.5; 

then  it(R'  +  r')  =  L'  -  2  1/100  -  .25  -  2(0.5)farc  sin'1 

=  32.5664  —  19.975  -  .0503 
—  12.5411. 

Therefore     R'  +  r'  =  3.992;  and,  since  Rr  —  r'  =  0.5, 
R'  =  2.246;  R'  -  p'  =  2.246  -  2  =  0.246  ; 
r'  =  1.746;    pf  -  r'  =  2  -  1.746  =  0.254. 

The  values  0.246  and  0.254  show  the  same  increase  and 
decrease  of  diameters  from  p'  as  when  p=6.S17  measured  from 
OP  as  a  datum  line. 
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For  the  practical  application  of  the  diagram,  it  is  convenient  to 
construct  it  by  taking  the  horizontal  line  passing  through  the 
intersection  of  A  and  B  as  the  zero  line,  and  measure  distances 
above  and  below  it,  as  in  Fig.  94.* 

Since  the  sum  of  the  radii  of  any  pair  of  complete  steps  cannot 
exceed  the  distance  between  centres,  another  curve,  (7,  showing  the 
maximum  radii  of  pulleys,  can  be  drawn. 

Thus,  when  the  diameters  are  equal,  p  =  d  -f-  2  =  5  for  the 
largest  complete  pulleys,  and  one  point  of  curve  C  is  at  a  distance 
6.817  —  5  =  1.817  above  0  in  Fig.  93.  When  R  —  r  =  0.5, 
R  =  7.063  and  r  —  6.563.  The  values  of  R  and  r  must  therefore 
be  decreased  by  an  amount  equal  to 

7.063  +  6.563  -  10 

— —  -  —  1.813 

in  order  to  give  pulleys  that  will  just  touch  each  other.  The  dis- 
tance 1.813  above  E  gives  another  point  of  the  curve  C;  and  so  on 
for  other  points. 

For  any  distance  between  centres  having  a  ratio  to  10  =  x  (i.e., 
d  -r-  10  =  x),  the  reading  of  pulley  radii  as  given  on  the  diagram 
must  be  multiplied  by  x  in  order  to  obtain  the  actual  size  ;  and 
conversely,  if  the  radius  of  the  step  is  given  for  a  pair  of  steps  at  a 
distance  apart  =  d  =  10#,  the  given  radius  must  be  divided  by  x 
to  obtain  the  reading  on  the  diagram.  In  general,  the  scale  of  the 
cone  radii  equals 

QP  measured  on  the  diagram 
Actual  distance  between  pulley  centres. 

84.  Application  of  cone-pulley  diagrams.— Fig.  94.  Suppose  we 
have  given  all  the  radii  of  cone  a,  one  radius  M'N'  of  cone  ft,  and 
the  distance  between  their  axes,  to  find  the  other  radii. 

First  find  the  difference  of  the  radii  of  M'N'  and  its  mate  MN, 
which  is 

M'N'  -  MN  =  mm', 

and  then  find  the  ordinate  whose  intercept  between  the  curves  A 
and  B  equals  mm'  to  scale;  then  from  the  intersection  of  this  or- 

*  It  is  believed  that  this  method  of  construction  is  due  to  Professor  Klein 
of  Lehigli  University. 
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dinate  with  the  curve  B  lay  off  the  distance  mn  =  radius  of  MX  ; 
through  n  draw  a  horizontal  datum  line  which  represents  the  axes 
of  the  cones. 


-2;682-4 

I 

-2.803-  -} 

-2,912— f 

I 
-3=008—1 

I 
-3.088-  -\ 

I 
-3rl50— \ 

3.183     I 


FIG   94. 

To  find  the  mate  for  KL,  determine  the  intersection  Jc  of  curve 
B  with  a  horizontal  line  at  a  distance  KL  above  the  datum  line, 
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and  through  k  draw  the  ordinate  Ikk' ;  then  Ik'  is  the  radius  re- 
quired. 

As  shown  in  the  figure,  IJ  and  1'J'  are  of  the  same  radius.  GH 
being  larger  than  G'H',  the  point  g  falls  on  J,aud  by  drawing gg'lt 
the  point  g'  is  found  on  B. 

Again,  suppose  the  radii  of  one  pair  of  steps  are  given,  and  the 
velocity  ratios  of  the  other  pairs.  Let  the  given  velocity  ratio  of 
one  pair  be  a  -f-  b. 

The  datum  line  is  located  as  before.  Upon  a  piece  of  tracing- 
cloth  or  thin  transparent  celluloid  draw  a  line  TS,  Fig.  95,  and 


\ 


FIG.  95. 

measure  from  S  the  distances  iS'Fand  ST  proportional  to  a  and  #; 
draw  SR  perpendicular  to  T/S,  and  from  any  point  R  on  SR  draw 
R T  and  R  V  indefinitely  prolonged.  Now  place  the  tracing-cloth 
on  the  diagram  so  that  SR  coincides  with  the  datum  line  and  move 
it  along  the  datum  line  until  the  intersection  of  TR  with  A  and 
VR  with  B  he  on  the  same  ordinate.  The  distances  from  these 
intercepts  to  the  datum  line  are  the  required  radii. 


CHAPTER  V. 
CAMS, 

85.  It  is  frequently  necessary  to  give  some  member  of  a  machine 
a  motion  which  cannot  be  gotten  by  any  convenient  system  of 
linkages   or  other  combinations  having  surface  contact,  or  even 
with  the  aid  of  toothed  gears  having  line  contact. 

In  such  cases  the  member  may  be  driven  with  another  which  is 
shaped  so  as  to  produce  the  required  motion  of  the  first.  The 
member  thus  shaped  in  accordance  with  the  law  of  motion  of  the 
given  part  is  called  a  cam.  The  driven  member  is  the  follower. 
On  account  of  the  nature  of  the  engaging  parts,  they  must  have 
line  contact. 

In  the  majority  of  cases,  the  cam  rotates  or  oscillates  about  an 
axis.  The  follower  may  have  rectilinear  motion,  oscillate  about  an 
axis,  or  move  according  to  some  other  law. 

When  the  rotating  member  has  a  simple  geometrical  form,  as  a 
pin  in  a  disk,  corresponding  to  the  crank-pin  of  an  engine,  and  en- 
gages with  an  irregular  part,  the  latter  is  commonly  called  an  in- 
verse cam.  Such  a  device  could  be  obtained  in  Fig.  12  by  making 
the  slot  in  which  B  travels  of  such  a  form  as  to  give  some  par- 
ticular motion  to  C.  In  general,  this  would  require  a  slot  of  such 
a  form  that  no  sliding-block  could  be  used  on  B.  The  contact  be- 
tween B  and  C  would  then  be  in  a  line. 

Cams  with  Knife-edge,  Pin,  or  Roller  Folloiuer. 

86.  General  case. — This  includes  the  follower  having  right-line 
motion,  as  in  Fig.  96,  and  the  rocker-arm  follower,  Fig.  97.     The 
general  case  is  represented  in  Fig.  98,  where  AE  is  the  path  of  the 
knife-edge  or  roller  axis.     This  path  can  be  of  any  form  within  the 
limits  of  practical  working.     In  the  solution,  the  pitch  curve  of 
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the  cam  is  found  by  assuming  that  the  roller  has  no  material  diam- 
eter, or  that  a  knife-edge  follower  is  used;    then  the  working  curve 


FIG  96.  FIG  97.  FIG. 

is  determined  from  the  pitch  curve  for  the  kind  of  follower  to  be 
used. 

1st  method. — In  Fig.  99,  AE  is  the  path  to  be  travelled  by  the 
knife-edge  or  axis  of  the  roller  of  the  follower,  and  0  is  the  centre  of 


FIG.  99. 


the  cam.     Through  A  draw  a  radial  line  01,  which  can  be  used  as  a 
datum  line  for  measuring  the  given  angles  102,  103,  etc.,  through 
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which  the  cam  is  to  rotate  for  the  corresponding  given  positions 
A,  By  C,  etc.,  of  the  follower.  Assume  that  the  follower  is  at  A 
when  the  datum  line  is  in  the  position  shown.  Then  A  is  one 
point  on  the  cam  curve.  With  0  as  a  centre  and  OB  as  a  radius, 
strike  the  arc  BZ'  intersecting  01  at  Z>  and  02  at  2'.  From  2'  meas- 
ure off  the  arc  2'B'  —  Bb.  Then  Br  is  another  point  on  the  pitch 
curve  of  the  cam ;  for  when  the  cam  has  rotated  counter-clockwise, 
so  as  to  bring  02  into  the  position  01,  B'  will  lie  at  B.  In  the 
same  manner  with  00  as  a  radius,  draw  the  arc  03'  cutting  03  at 
3'  and  take  the  distance  3'O'  =  Cc.  Then  C'  is  another  point  in 
the  curve  of  the  cam.  By  continuing  this  operation  for  all  the 
given  positions  of  the  follower  and  corresponding  angles  of  rotation 
for  the  cam,  a  number  of  points  are  obtained  through  which  a 
smooth  curve  can  be  drawn  which  is  a  pitch  curve  of  the  cam. 

Since  this  is  the  curve  against  which  a  knife-edge  or  pin  with- 
out material  diameter  would  have  contact,  it  clearly  would  not  an- 
swer for  a  blunt  point  or  roller  such  as  is  commonly  used  against 
the  face  of  the  cam.  Suppose  that  a  roller  is  to  be  used  whose  axis 
will  be  guided  along  the  curve  AE.  Then  the  working  curve  of 
the  cam  must  lie  parallel  to  the  pitch  curve  and  at  a  distance  from 
it  equal  to  the  radius  of  the  follower  roller.  Such  a  curve  can  be 
obtained  by  describing  a  number  of  circles  of  a  radius  equal  to  that 
of  the  roller  with  their  centres  on  the  pitch  curve,  and  drawing  a 
smooth  curve  tangent  to  them. 

If  the  follower  is  to  be  held  against  the  cam  by  gravity,  a  spring 
or  other  device,  only  one  working  face  is  required  on  the  cam,  as 
in  Fig.  96;  but  if  the  cam  is  to  give  a  positive  motion  to  a  single 
roller,  the  latter  can  be  guided  in  a  groove  formed  in  the  face  of  a 
disk,  the  width  of  the  groove  being  equal  to  the  diameter  of  the 
roller,  and  its  sides  parallel  to  the  pitch  curve  of  the  cam. 

When  the  path  of  the  follower  axis  is  a  straight  line  intersect- 
ing the  axis  of  the  cam,  a  line  01,  drawn  through  A,  will  coincide 
with  this  line,  and  the  distances  Bb,  Cc,  etc.,  become  zero,  and  the 
points  on  the  pitch  curve  of  the  cam  obtained  by  following  the 
same  solution  as  given  above  will  lie  on  the  lines  02,  03,  etc. 

2d  method. — A  solution  embodying  exactly  the  same  principles 
as  the  preceding  one  can  be  made  by  drawing  upon  a  piece  of  trac- 
ing-cloth or  transparent  sheet  celluloid  the  radial  lines  01,  02,  03, 
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etc.,  at  the  given  angles,  then  pinning  the  meeting  point  of  these 
lines  at  0,  so  that  01  on  the  tracing-cloth  will  coincide  with  01  on 
the  drawing-paper,  and  marking  a  point  on  the  tracing-cloth  im- 
mediately over  A  on  the  paper.  This  is  one  point  on  the  cam 
curve.  The  tracing-cloth  can  then  be  rotated  about  0  so  that  02 
on  it  will  coincide  with  01  on  the  drawing-paper,  and  a  point 
marked  on  the  tracing-cloth  immediately  over  B.  This  is  another 
point  on  the  cam  curve.  Eotating  again  and  marking  gives  another 
point,  and  so  on  throughout  their  entire  rotation.  The  smooth 
curve  drawn  through  the  points  on  the  tracing-cloth  is  the  pitch 
curve  of  the  cam. 

The  points  on  the  tracing-cloth  can,  of  course,  be  transferred 
to  the  drawing-paper  by  placing  the  former  so  that  the  line  01  of 
one  will  coincide  with  01  of  the  other,  and  perforating  the  tracing- 
cloth  through  the  points  determined  on  it,  thus  transferring  them  to 
the  paper.  This  method  is  generally  more  rapid  than  the  first. 

87.  Velocity  ratio  of  cam  and  follower. — Since  the  virtual 
centre  of  the  cam  and  follower  must  have  the  same  velocity  when 
considered  as  a  point  in  either,  it  is  only  necessary  to  locate  this 
point  in  order  to  obtain  a  basis  for  obtaining  the  linear  velocity  of 
any  other  point,  or  the  angular  velocity  ratio  of  the  cam  and  fol- 
lower. 

Thus,  in  Fig.  96,  the  instantaneous  centre  of  the  cam  and  follower 
lies  at  P,  which  is  on  the  intersection  of  a  line  through  the  axis  of 
the  cam  at  right  angles  to  the  path  of  the  follower  with  another  line 
through  the  axis  of  the  follower  normal  to  the  cam  curve.  Then,  since 
all  points  in  the  follower,  the  rotating  roller  excepted,  have  the  same 
linear  velocity,  any  point  at  the  radial  distance  OP  from  the  axis 
of  the  cam  has  the  same  linear  velocity  as  all  parts  of  the  follower. 

In  Fig.  97,  -P  lies  at  the  intersection  of  the  line  of  centres  of 
the  cam  and  follower  with  a  normal  to  the  cam  curve  at  the  axis  of 
the  roller.  The  angular  velocities  of  the  earn  and  follower  have 
the  ratio 

V°C:    7°F=0'P  :  OP. 

In  Fig.  98  it  is  necessary  to  know  the  radius  of  curvature  of  the 
pitch  curve  of  the  cam  where  the  roller  is  at  any  instant,  in  order 
to  locate  the  centre  of  the  cam  and  follower.  When  the  radius  of 
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curvature  is  known,  the  centre  0',  about  which  the  axis  of  the 
roller  is  moving  at  that  instant,  lies  on  a  normal  to  the  pitch  curve 
at  the  axis  of  the  roller,  and  at  a  distance  equal  to  the  radius  of 


FIG.  100 


curvature  from  the  pitch  curve.     The  point  P  is  then  located  as  in 
Fig.  97,  and  the  velocity  ratio  is  found  in  the  same  way. 

88.  Cam  with  reciprocating   follower   having   two    lines    of 
contact  on  opposite  sides  of  the  cam. — When  the  motion  of  the 
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follower  for  one  half  a  revolution  of  the  cam  is  to  be  exactly  the 
reverse  of  that  for  the  other  half -revolution,  positive  motion  can 
be  obtained  by  using  two  rollers  R  and  R,  Fig.  100,  of  the  same 
diameter,  both  attached  to  the  follower  which  extends  across  the 
axis  of  the  cam.  The  curve  for  one  half  a  revolution  can  be 
obtained  for  one  roller  by  either  of  the  methods  of  §  86.  The 
starting  point  may  be  taken  at  any  position  of  the  follower. 

Assume  that  the  part  of  the  cam  R,  1,  2,  3,  Rr,  has  been  deter- 
mined. To  find  the  other  part,  suppose  that  R  has  moved  to  1; 
then  R'  must  lie  at  1'  on  the  opposite  side  of  0,  the  distance  11 
being  equal  to  RR',  both  measured  between  the  axes  of  the  rollers. 
The  same  method  applies  to  any  number  of  positions  of  R.  The 
curve  drawn  tangent  to  the  positions  of  R'  at  1',  2',  3',  etc.,  com- 
pletes the  profile  of  the  cam. 

Cams  Engaging  ivitli  Plane  Surface  Followers. 

89.  General  case. — This  includes  the  special  cases  Fig.  101, 
where  the  follower  F  has  a  rectilinear  motion,  and  Fig.  102,  where 
it  is  a  rocker  arm. 


FIG.  101. 


FIG.  102. 


Fig.  103  is  the  general  case.     1,  2,  3,  etc.,  are  the  given  posi 
tions  which  the  follower  is  to  occupy  simultaneously  with   cor 
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responding  given  positions  of  the  cam.  Draw  01'  perpendicular 
to  1,  and  intersecting  it  at  A\  then  A  is  one  point  on  the  cam 
curve  if  \A  is  the  position  nearest  to  the  axis  of  the  cam,  that  the 
follower  is  to  occupy;  for,  if  contact  between  them  were  at  any 
other  point,  rotation  of  the  cam  in  the  proper  direction  would 
allow  the  follower  to  come  nearer  the  axis  of  the  cam.  JB,  G,  D, 


etc.,  are  the  intersections  of  01'  with  the  other  given  positions  of 
the  follower. 

Draw  02',  03',  etc.,  at  the  angles  1'02',  1'03',  etc.,  through 
which  the  cam  is  to  rotate  for  bringing  the  follower  into  the  posi- 
tions 2,  3,  etc.  With  0  as  a  centre  and  radius  OB,  draw  an  arc 
cutting  02'  at  B',  and  through  B'  draw  B'b  making  the  angle 
OB' It  =  OBZ.  Repeat  this  operation  by  drawing  the  arc  CC'  and 
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the  line  C'c  at  the  angle  OC'c  =  0(73;  and  so  on  for  all  the  given 
positions  of  the  parts. 

If  4D  is  one  limit  of  the  motion  of  the  follower,  then  OD", 
drawn  at  right  angles  to  D'd,  locates  D"  as  another  point  on  the 
curve.  The  reason  that  D"  is  a  point  on  the  curve  is  similar  to 
that  for  A . 

A  smooth  curve  passing  through  A  and  D",  and  tangent  to  all 
the  lines  I  A,  B'b,  C'c,  etc.,  is  the  cam  curve.  If  any  of  the  lines 
\A,  B'b,  C'c,  etc.,  is  cut  out  by  the  others  so  that  it  is  impossible 
to  draw  a  curve  tangent  to  it  without  intersecting  some  of  the 
other  lines,  then  the  problem  cannot  be  solved  without  moving  0 
farther  away  from  the  follower.  This  makes  a  larger  cam,  of  course. 

The  solution  by  the  use  of  tracing-cloth  or  sheet  celluloid  can 
be  made  as  in  the  second  method  of  §  86.  The  positions  1,  2,  3, 
etc.,  of  the  follower,  and  of  01',  the  normal  to  1,  are  drawn  on  the 
paper  as  before.  01',  02',  03',  etc.,  are  then  drawn  on  the  trac- 
ing-cloth, which  is  pinned  to  the  draughting-board  at  0  and  turned 
so  that  01'  on  it  lies  over  0V  on  the  paper.  A  line  is  then  drawn 
on  the  tracing-cloth  to  coincide  with  \A  on  the  paper.  The  trac- 
ing-cloth is  then  turned  to  bring  02'  over  OT,  and  B%  is  traced  on 
the  cloth.  The  same  process  is  repeated  for  ail  given  positions  of 
the  follower,  and  the  cam  curve  drawn  on  the  cloth  tangent  to  Al, 
£2,  03,  etc. 

For  the  mechanism  of  Fig.  101,  the  lines.  1,  2,  3,  etc.,  of  Fig. 
103  are  all  parallel,  and  the  angles  OAl,  OB'b,  OC'c,  etc.,  are  all 
right  angles.  The  point  D"  therefore  falls  on  D '.  This  is  true 
both  when  the  face  of  the  follower  is  normal  to  the  direction  of 
motion,  as  shown  by  Fig.  101,  and  when  inclined  at  any  angle  to 
the  direction  of  motion. 

When  the  plane  of  the  face  of  the  rocker-arm  follower,  Fig, 
102,  is  at  a  distance  O'N  from  the  axis  of  oscillation,  the  profile 
line  of  the  face  must  be  tangent  to  a  circle  of  radius  O'JV^with  0' 
as  a  centre,  for  all  positions  of  the  follower.  The  radius  of  this 
circle  becomes  zero  when  the  plane  of  the  face  passes  through  the 
axis  of  the  follower,  and  all  profile  lines  pass  through  0'. 

In  designing  flat-faced  followers,  care  should  be  taken  to  see 
that  the  face  is  long  enough  for  the  full  sweep  of  the  line  of  con- 
tact over  it. 
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90.  Cam  engaging  with  two  parallel  plane  surfaces. — When 
the  motion  of  the  follower  is  to  be  rectilinear,  as  in  Fig.  104,  the 
curve  for  one  half  a  revolution  of  the  cam  can  be  assumed,  or 
determined  according  to  some  given  motion  of  the  follower,  and 
the  other  half  obtained  to  conform  with  it.  In  Fig.  104,  suppose 
that  the  portion  of  the  curve  TST1  is  given,  T  and  T'  being  the 
points  of  tangency  for  the  positions  of  the  full  parts  as  indicated 
by  the  full  lines.  Then  the  remaining  portion  of  the  cam  curve 


FIG.  104. 

can  be  obtained  by  placing  the  follower  in  various  positions  tangent 
to  the  given  part  of  the  curve,  one  being  shown  by  the  dotted 
lines,  thus  obtaining  a  series  of  intersecting  straight  lines  to  which 
the  remaining  portion  of  the  curve  can  be  drawn  tangent.  I7  and 
T'  must  lie  on  the  same  normal  to  the  faces  of  the  follower. 

When  a  complete  cam  is  to  be  designed  for  certain  positions  of 
the  follower  and  the  corresponding  angular  rotations  of  the  cam, 
the  solution  is  practically  the  same  as  above,  the  only  difference 
being  that  in  this  case  the  follower  must  be  placed  with  its  faces  at 
the  given  distances  from  the  axis  of  the  cam  for  the  given  angular 
positions  of  the  cam.  An  envelope  is  thus  formed  to  which  the 
cam  curve  must  be  drawn  tangent. 
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For  a  rocker-arm  follower,  as  shown  in  Fig.  105,  the  operation 
is  a  similar  one.  It  should  be  noted,  however,  that  in  this  case 
the  half-revolution  of  the  cam  must  be  taken  relatively  to  the  fol- 
lower and  not  to  the  member  of  the  machine  joining  them. 

91.  General  solution  for  cam  with  any  form  of  follower  having 
one  line  of  contact, — While  this  includes  all  the  preceding  cases,  it 
is  hardly  necessary  to  consider  it  in  connection  with  them,  but 


FIG.  105. 


FIG.  106. 


rather  as  applicable  to  such  problems  as  have  not  already  been  con- 
sidered. 

In  Fig.  106  the  follower  F  may  have  any  form  of  face  as 
shown,  and  any  kind  of  motion. 

In  Fig.  107  the  given  positions  of  the  profile  of  the  face  of  the 
follower  are  represented  at  1,  2,  3,  etc.,  and  the  centre  of  the  cam 
at  0.  Draw  any  line  01',  intersecting  1,  2,  3,  etc.,  at  A,  B,  C, 
etc.,  and  take  01'  as  the  datum  line  from  which  to  measure  the 
angles  1'02',  1'03',  etc.,  through  which  the  cam  is  to  pass  to  bring 
the  follower  into  the  positions  2,  3,  etc.  With  0  as  a  centre,  and 
radius  OB,  strike  the  arc  BB'  cutting  02'  at  B',  and  through  B' 
draw  the  curve  Bb  in  the  same  relative  position  to  02'  as  B'2  is  to 
01'.  In  the  same  way  determine  the  position  C'c  corresponding 
to  (73.  Continuing  this  operation  for  all  the  given  positions  of 
the  follower  and  corresponding  angles  ol  rotation  of  the  cam,  an 
envelope  is  formed,  and  the  cam  curve  can  be  drawn  tangent  to  all 
the  lines  B'b,  C'c,  etc.* 

*  For  a  full  treatment  of  cams  engaging  with  two  or  more  plane  surfaces, 
see  Reuleaux's  "Kinematics"  and  Robinson's  "Principles  of  Meclianisms." 
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92.  Involute  cam  for  stamp-mill. —Fig.  108.  AB  is  the  centre 
line  of  the  stump-rod,  and  D  the  centre  of  the  cam-shaft  and  cam, 
the  two  shafts  being  at  right  angles.  The  stamp  is  raised  by  the 
engagement  of  the  cam  surface  EF  with  the  lower  surface  of  a 
drum  or  disk  C  attached  to  the  stamp- rod.  As  soon  as  the  cam 
rotates  enough  for  the  point  F  to  pass  out  of  contact  with  (7,  the 
stamp  falls  by  gravity,  and  is  again  lifted  by  the  cam.  Two  or 
more  arms  similar  to  EF  are  commonly  used  to  engage  with  (7, 


4' 

FIG.  107. 


FIG.  108. 


thus  reducing  the  speed   of  rotation  of  the  cam  for  a  given  rate 
of  working  the  stamp. 

The  curve  EF  is  frequently  made  of  the  involute  form,  the  base 
circle  having  a  radius  equal  to  the  distance  between  shaft  centres, 
in  order  to  make  the  path  of  contact  a  right  line  perpendicular 
to  the  lower  face  of  C.  Thus,  in  the  figure,  d  is  the  distance 
between  shaft  centres  and  also  the  radius  of  the  base  circle  of  the 
involute.  The  path  of  contact  lies  in  a  plane  which  passes  through 
AB  and  is  perpendicular  to  the  paper. 
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FIG.  109. 


CAMS.  13J) 


CYLINDRICAL   CAMS. 

93.  Cylindrical  cam  with  follower  having  a  right-line  motion. 
— Fig.  109  shows  the  end  and  side  views  of  a  cylindrical  cam  com- 
posed of  a  drum  with  a  groove  cut  around  it,  which  reciprocates 
the  follower  AB  by  means  of  the  roller  or  pin  running  in  the 
groove.     The  lower  part  of  the  figure  is  the  development  of  the 
surface  of  the  drum.     The  problem  is  to  find  the  curve  of  the 
groove  that  will  give  the  follower  certain  definite  positions  at  dif- 
ferent parts  of  a  revolution  of  the  cam. 

In  the  development  of  the  cylindrical  surface,  take  the  pro- 
jection of  a  circle  of  the  drum  passing  through  the  initial  position 
of  the  centre  of  the  pin  as  a  datum  line,  and  from  it  lay  oif  on  1' 
the  distance  cd,  which  is  the  given  travel  of  the  follower  while  the 
cam  is  turning  through  the  arc  01;  then  d  is  a  point  of  the  de- 
veloped curve.  In  the  same  manner  lay  off  on  2'  the  distance  ef9 
which  is  the  travel  of  the  follower  while  the  cam  rotates  through 
the  arc  02,  thus  obtaining  another  point  of  the  curve.  When  a 
sufficient  number  of  points  have  been  obtained,  a  smooth  curve 
drawn  through  them  will  give  the  centre  line  of  the  cam-curve 
development.  If,  during  any  part  of  the  cam's  rotation,  as  from  5 
to  6,  the  follower  is  to  have  a  uniform  motion,  the  points  1  and  n 
on  5'  and  6'  are  joined  by  a  straight  line.  The  curves  of  the  edges 
of  the  grooves  are  obtained  by  drawing  circles  of  the  diameter  of 
the  follower-pin  with  their  centres  on  the  centre  line  of  the  curve 
and  then  drawing  smooth  curves  tangent  to  the  circles. 

94.  Cylindrical  cam  and  rocker-arm. — Fig.  110.     In  this  case 
a  pin  or  roller  on  the  rocker-arm  ce  engages  with  a  groove  in  the 
surface  of  the  cam  as  before.     Take  ce  as  the  initial  position  of  the 
rocker-arm,  and  ca"  the  position  after  the  cam  has  turned  through 
the  arc  oa. 

The  element  a  is  shown  in  the  development  of  the  cam  at  a'. 
The  centre  of  the  follower-pin  does  not  fall  on  a',  however,  but  at 
a  distance  d'  =  d  =  d"  ahead  of  it,  d"  being  the  versed  sine  of  the 
angle  through  which  the  follower  has  turned.  The  point  g  on  the 
cam  curve  lies  at  the  intersection  of  the  circle  passing  through  a", 
with  the  cam  element  lying  at  a  distance  d'  in  advance  of  a'. 
Other  points  on  the  cam  curve  are  obtained  in  the  same  manner. 
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Since  the  rocker-arm  swings  so  that  the  axes  of  the  cam  and 
follower-pin  extended  do  not  intersect  except  for  one  position  of  the 
follower,  the  pin  will  not  fit  the  groove  exactly.  The  error  is  slight 
and  negligible  for  ordinary  practice  when  the  angle  of  the  rocker- 
arm  is  not  great.  This  angle  can  increase  with  the  ratio  of  the 
diameter  of  the  cam  to  the  length  of  the  rocker-arm.  Strictly 
speaking,  the  cam  surface  is  not  a  circular  cylinder  when  a  rocker- 
arm  follower  is  used,  but  within  the  ordinary  limits  of  practice  this 
does  not  need  consideration. 


CONICAL   CAMS. 


95.  In  Fig.  Ill,  Q  is  the  side  elevation  and  Tthe  end  view  of  a 
truncated  cone  upon  which  a  cam  curve  that  will  give  the  follower, 


FIG.  111. 

F,  definite  positions  for  corresponding  given  angles  of  rotation  of 
the  cam,  is  to  be  determined.  The  axes  of  the  follower  and  cam  lie 
in  the  same  plane.  The  axis  of  the  follower  roller  is  at  a.  Let  «, 
b,  c,  etc.,  be  the  given  positions  of  the  end  of  the  follower  axis  cor- 
responding to  the  angles  of  rotation  of  the  cam  measured  by  the  arcs 
12,  13,  14,  etc. 

With  the  apex  0  of  the  conical  surface  as  a  centre,  and  radius 
OR,  strike  the  arc  IT,  making  the  length  of  the  arc  equal  to  the 
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circumference  of  the  circle  of  the  larger  end  of  the  cam;  and  with 
the  same  centre  and  Or  as  a  radius,  strike  another  arc  lying  between 
the  radial  lines  0V  and  01',  as  shown.  The  area  thus  inclosed 
represents  the  developed  surface  of  the  conical  cam  blank.  The 
distances  1/2',  1'3',  etc.,  equal  12,  13,  etc.,  measured  on  the  arcs 
of  the  circles.  Take  OA  =  Oa.  Then  A  is  one  point  in  the  curve 
on  the  developed  surface,  and  lies  upon  the  element  1  of  the  end 
view.  Take  OB  =  Ob,  upon  12'.  Then  B  is  another  point  in  the 
path  of  the  axis  of  the  cam  follower.  Continuing  in  this  way,  all 
the  points  are  determined  for  the  given  positions  of  the  follower 
axis.  If  the  developed  surface  is  wrapped  back  upon  the  cam  blank, 
the  curve  will  take  the  form  shown  upon  it. 

For  a  pin  or  roller  of  sensible  diameter,  the  walls  of  the  groove 
are  obtained  as  in  §  93. 

If  a  rocker-arm  follower  similar  to  that  for  the  cylindrical  cam 
of  §  94  is  used,  allowance  must  be  made  in  the  same  manner  for 
the  displacement  of  the  axis  of  the  following  roller  from  the  cone 
element  representing  the  angle  through  which  the  cam  has  rotated 
from  its  initial  position. 

With  the  rocker-arm  follower,  the  surface  of  the  cam  is  not 
strictly  conical,  but  ordinarily  its  deviation  from  the  conical  form 
can  be  neglected. 

INVERSE   CAMS. 

96.  Inverse  cam  with  rectilinear  motion. — Fig.  112  represents 
an  inverse  cam  C  which  has  a  reciprocating  motion  through  the 
guides  GG.  0  is  the  driving-shaft,  and  R  is  the  roller  or  pin 
which  engages  with  the  cam  to  drive  it.  In  designing  such  cams, 
the  positions  of  the  cam  are  generally  given  for  corresponding  posi- 
tions of  the  driving-pin. 

In  Fig.  113,  S'T'  is  drawn  parallel  to  the  motion  the  cam  is  to 
have.  0'  is  the  axis  of  the  driving-shaft  and  0' R'  is  the  length  of 
the  driving-arm.  The  axis  of  the  pin  travels  in  the  circle  of  radius 
OH'.  When  the  pin  is  at  R',  on  a  line  passing  through  0'  and 
normal  to  S'T',  it  is  at  one  end  of  the  slot;  and  when  a  half-revo- 
lution has  been  made,  bringing  the  pin  to  N'9  it  is  at  the  opposite 
end.  The  cam  curve  can,  therefore,  be  designed  for  given  posi- 
tions of  the  cam  for  corresponding  positions  of  Rf  embracing  only 
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180°  of  the  circle.  These  positions  of  R'  can  be  partly  above  and 
partly  below  R'N',  however.  Thus,  starting  from  R',  positions  of 
the  cam  may  be  given  for  120°  of  the  circle,  and  then  no  given  law 
of  motion  required  until  R  has  reached  N',  from  which  point 
positions  of  the  cam  may  be  given  for  the  remaining  60°  of  the 
180°.  No  two  given  positions  of  R  can  be  symmetrically  located 
with  respect  to  RN'.  When  the  given  positions  of  R  lie  on  dif- 


FIG.  112. 

ferent  arcs  of  the  circle,  the  design  can  not  be  a  general  one,  for 
the  points  on  the  cam  curve  must  come  in  such  a  relative  position 
that  a  smooth  curve  can  be  drawn  through  them. 

Let  P,  1,  2,  etc.,  be  the  given  positions  of  any  point  P,  in  the 
cam,  which  travels  along  S'T',  and  R  1',  2',  3',  ...  N'  the  cor- 
responding positions  of  the  pin.  Two  methods  of  designing  the 
cam  are  applicable. 

1st  method. — Tracing-cloth  can  be  applied  in  this  case  as  in  all 
others.  Since  it  aids  in  the  description  of  the  solution  made 
directly  on  the  paper,  it  will  be  given  first. 

Draw  a  straight  line  on  the  tracing-cloth  in  any  convenient 
position.  Place  the  cloth  so  that  the  line  upon  it  coincides  with 
S'T',  and  mark  the  points  R  and  P  upon  it.  Now  move  the  cloth 
so  that  the  point  last  marked  lies  at  1,  keeping  the  straight  line 
upon  the  tracing-cloth  coincident  with  S'T',  and  mark  1'  on 
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the  cloth.  Now  move  the  tracing-cloth  until  the  first  point  marked 
upon  it  lies  over  2,  and  mark  2'  upon  it.  Doing  this  for  all  the 
given  positions  locates  the  required  points  on  the  curve. 

2d  method. — This  assumes  that  the  cam  remains  stationary  and 
the  axis  of  the  driving-shaft  moves.    In  Fig.  114,  draw  ST  parallel 
s'  s 

3 

-2 


FIG.  114. 


FIG.  113. 

to  S'T'  of  Fig.  113,  and  from  any  point  0  draw  OR  parallel  and 
equal  to  0'R'\  then  R  is  one  point  on  the  cam  curve.  Take  Oa  = 
PI,  and  make  aA  parallel  and  equal  to  OT,  thus  obtaining  another 
point  A  on  the  curve.  For  a  third  point,  take  Ob  =  P2  and 
draw  IB  parallel  and  equal  to  0'2',  which  locates  B  on  the  required 
curve.  And  so  on  for  all  the  remaining  points. 

97.  Oscillating  inverse  cam. — Fig.  115  is  a  mechanism  in  which 


FIG.  115. 

the  inverse  cam  0  oscillates  about  the  centre  Q.     0  is  the  axis  of 
the  driving-shaft  and  R  the  axis  of  the  roller.     The  design  of  the 
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cam  when  simultaneous  positions  of  it  and  the  driving-arm  are 
given,  can  be  accomplished  as  follows :  In  Fig.  116,  0'  is  the  axis 
of  the  driving-shaft,  and  Q'  that  of  the  rocker-shaft  of  the  inverse 
cam.  By  drawing  N'Q'  through  0',  and  a  circle  with  centre  0' 
and  radius  equal  to  that  of  the  driving-arm,  the  points  R'  and  N', 


FIG.  116. 

which  indicate  the  positions  of  the  driving-pin  when  it  is  at  the 
ends  of  the  slot,  are  determined.  (See  §  96  for  the  limits  of  the 
motion  of  the  driving-arm  for  which  the  cam  can  be  designed.) 
Q' R'  may  be  taken  as  the  datum  line  for  motion  of  the  cam,  and 
O'R'  the  same  for  the  driving-arm.  Q'l,  Q'2,  Q'%,  etc.,  and  0T, 
0'2',  0'3',  .  .  .  N'  are  given  positions  of  the  cam  and  driving-arm. 

1st  method. — By  using  tracing- cloth,  the  cam  curve  can  be  ob- 
tained by  pinning  the  cloth  on  the  draughting-board  at  Q',  and 
marking  a  point  R'  upon  it.  It  can  then  be  swung  about  Q'  so 
that  the  point  just  marked  lies  at  1,  and  the  point  1'  marked  upon 
it.  Continuing  this  for  the  remainder  of  the  given  positions  locates 
points  of  the  cam  curve  upon  the  tracing-cloth. 

2d   method. — To  solve  without    the   use  of    the  transparent 


FIG.  117. 
cloth,  the  method  of  Fig.  117  can  be  used,  together  with  Fig.  116. 
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This  assumes  that  the  axis  0',  of  the  driving-shaft,  moves,  and  the 
cam  remains  at  rest.  In  Fig.  117,  Q  is  the  centre  of  the  cam  axis 
and  be  is  an  arc  of  radius  Q'O'  as  given  in  Fig.  116.  Draw  OQ,  and 
take  OR  —  O'R'',  then  R  is  a  point  on  the  required  curve.  For  a 
second  point  draw  Qa,  making  the  angle  OQa  —  O'Q'  1;  then  draw 
aA  so  that  the  angle  QaA  =  Q'0'1',  and  the  length  aA  =  OT;  then 
A  is  another  point  on  the  curve.  Similar  operations  locate  the 
remaining  points  B,  C,  etc.,  through  which  the  curve  can  be  drawn. 
98.  Inverse  cam  having  any  motion. — In  Fig.  118,  PS  is  the 
path  to  be  traveled  by  a  given  point  P  in  an  inverse  cam.  In  order 
to  show  the  motion  of  this  cam  in  the  general  case,  a  reference  line 
PQ  can  be  drawn  upon  it.  Let  the  given  positions  of  this  reference 
line  be  PQ,  la,  %b,  etc.  The  centre  of  the  driving-shaft  is  at  0, 
Fig.  119.  The  axis  of  the  roller  R  travels  in  the  circle  Rl'31.  The 

R 


FIG.  118.  FIG.  119. 

driving  roller  is  to  be  at  R  when  the  reference  line  of  the  cam  is.  at 
PQ.  The  angles  of  rotation  of  the  driver  corresponding  to  the 
given  positions  1«,  2#,  etc.,  of  the  cam,  are  ROV,  R02',  R03',  etc. 

In  order  to  obtain  the  points  of  the  curve,  draw  upon  a  piece  of 
tracing-cloth  a  straight  line  and  place  it  over  the  paper  so  that  the 
line  will  coincide  with  PQ,  marking  both  the  points  R  and  P. 
Now  move  the  tracing-cloth  so  that  the  point  last  marked  lies  over 
1,  and  the  reference  line  coincides  with  la,  and  mark  the  point 
coinciding  with  T.  Kepeating  this  operation  for  the  other  given 
positions  of  the  parts  locates  a  series  of  points  upon  the  tracing- 
cloth  through  which  the  curve  of  the  inverse  cam  can  be  drawn. 

The  solution  without  the  aid  of  the  tracing-cloth  requires  so 
much  more  work,  and  this  form  of  cam  is  so  unusual,  that  it  is  not 
thought  necessary  to  give  it  here. 


CHAPTER  VI. 
PARALLEL  AND  STRAIGHT-LINE  MOTIONS. 

99.  Definitions. — Strictly  speaking,  a  parallel-motion  mechanism 
is  one  which  has  at  least  two  points  which  move  in  parallel  paths. 
There  are  numerous  mechanisms  for  obtaining  the  motion  of  a 
point  in  a  straight  line,  or  approximately  so,  by  the  use  of  turning 
pairs,  or  sliding  pairs  not  connected  directly  to  the  link  in  which 
the  point  lies.     They  are  also  called  (somewhat  inappropriately) 
"  parallel   motions."     Some  of   these   mechanisms   are   frequently 
made  use  of   in  practice,  those  consisting  of  turning  pairs  only, 
being  more  serviceable  and  readily  constructed. 

100.  The  Parallelogram  is  used  in  connection  with  some  of  the 
straight-line  motions.     It  gives  a  truly  parallel  motion. 

Fig.  120  is  a  parallelogram  having  only  one  point,  the  articula- 
tion of  a  and  b,  fixed,  in  this  case  at  0.     Take  any  point  C  on  the 


FIG.  120. 
link  c  and  draw  OC,  cutting  b  at  B\  then,  from  similar  triangles, 

m       CZ  <73  . 

04  =  C4?  °r        =  tf4°4  =  a  constant- 

Therefore,  B  is  always  at  the  same  point  on  b  for  a  given  posi- 
tion of  C  on  the  link  c. 
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Again, 


OC  _  40 
OB^  43 


and  is,  therefore,  constant  for  all  positions  of  the  mechanism. 

It  follows  from  the  above  that  if  C  is  made  to  travel  over  any 
path,  an  exactly  similar  path  will  be  traced  by  B  upon  a  smaller 


FIG.  121. 

scale.  By  taking  C  as  in  Fig.  121,  the  path  travelled  by  B  will  be 
greater  than  that  of  C.  Any  ratio  of  size  can  be  obtained  by 
moving  C  along  the  link  c,  the  ratio  always  being 

CO  :  BO. 

The  fixed  point  may  be  taken  anywhere  on  any  link,  the  only 
condition  to  be  fulfilled  being  that  the  fixed  point  and  the  two 
tracing  points  must  lie  on  a  straight  line. 


FIG.  122. 


FIG.  123. 


Pigs.  122  and  123  show  different  locations  of  the  fixed  point. 
In  any  of  the  figures,  C  can  be  taken  at  any  other  point  on  c. 

The  parallelogram  is  frequently  used  as  a  "  pantagraph "  for 
enlarging,  reducing,  or  copying  drawings. 

101.  Watt's  parallel  motion,  Fig.  124,  is  the  most  universally 
used  of  all  approximately  parallel  motions.  In  the  best  and  most 
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common  form  of  the  mechanism  the  describing  point  P  is  at  the 
middle  of  the  link  a,  whose  length  is  about  equal  to  the  stroke  of  P. 


i 
FIG.  124. 


At  the  middle  of  the  stroke,  d  and  ~b  are  parallel  to  each  other  and 
perpendicular  to  the  path  of  P.  The  points  1  and  2  deviate  to  the 
right  and  left  of  the  path  of  P  by  equal  amounts  at  the  middle  and 
end  of  the  oscillations.  When  the  above  conditions  can  not  be  ob- 
tained, they  should  be  as  nearly  approximated  as  possible. 

The  path  of  P  is  a  portion  of  the  lemniscoid,  which  resembles 
a  distorted  figure  8.  The  part  that  is  used  in  practice  is  wavy,  but 
a  small  enough  portion  of  it  is  taken  to  keep  the  deviation  from  a 
straight  line  within  very  small  limits. 

The  data  in  accordance  with  which  the  mechanism  must  usually 
be  designed  in  practice,  as  in  the  case  of  a  steam-engine  with  a  walk- 
ing-beam whose  piston-rod  is  guided  by  the  Watt  motion,  are  the 


-04' 


FIG.  125. 


position  of  P  at  the  middle  of  the  stroke,  and  the  location  of  the 
point  3  (or  it  may  be  4).     Having  these  data  given  in  Fig.  125,  the 
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length  of  b  is  found  as  follows  :  Draw  3S  perpendicular  to  the  path 
of  P  and  intersecting  it  at  S,  take  ST  equal  to  one  fourth  of  the 
stroke,  join  T  and  3,  and  draw  through  T  a  perpendicular  to  T3, 
intersecting  3/S  at  2;  then  32  is  the  required  length  of  b,  and  %P 
will  be  a  part  of  the  link  a  in  its  mid-position.  By  making 
T2'  —  7'2,  the  position  32'  of  b  at  one  end  of  the  stroke  is  found. 
If  P  is  at  the  middle  of  a,  I  is  found  by  producing  2P,  making 
PI  =  2P;  4  is  located  by  drawing  14  parallel  to  b  and  of  the  same 
length. 

If  1  is  at  a  given  point  1',  so  that  PI'  is  not  equal  to  2P,  the 
best  construction  to  make  the  point  1  fulfil  the  conditions  pre- 
scribed for  2  is  to  take  S'P'  —  SP,  and  draw  3P'  to  obtain  4'  as 
shown  in  the  figure.  The  link  d  then  becomes  d'  with  a  length 
1'4'  and  centre  of  oscillation  at  4'. 


FIG.  126. 

Fig.  126  is  the  combination  of  Watt's  motion  and  the  parallelo- 
gram, as  generally  applied  to  beam  engines.  The  device  occupies 
less  space  than  the  simple  Watt  motion  applied  for  the  same  ob- 
ject. In  this  mechanism  the  Watt  motion  consists  of  a  portion,  02,. 
of  the  beam  b,  together  with  the  links  a  and  d.  The  middle  point 
P  of  the  link  «,  whose  length  is  21,  moves  in  the  vertical  dotted 
line  through  P.  The  point  E,  which  lies  on  OP  and  is  an  articula- 
tion of  the  parallelogram  23^5,  moves  in  a  path  parallel  to  that  of 
P  (see  §  100).  The  piston-rod  is  attached  at  E,  and  a  pump-rod 
at  P,  generally.  In  practice  the  point  2  is  commonly  at  the  centre 
of  the  beam  and  1  coincides  with  5,  d  being  equal  ta  one  half  the 
length  of  the  beam. 

102.  The  Peaucellier  cell,  composed  of  six  links,  Fig.  127,  gives, 
with  the  aid  of  two  additional  links  of  equal  length,  a  and  b,  Fig. 
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128,  an  accurately  parallel  motion  to  P,  which  follows  the  right 
line  PP'  when  the  link  a  is  kept  stationary  and  5  oscillates  about 
E.  Four  of  the  links  of  the  cell  form  a  rhombus  and  the  remain- 


ing two  are  equal,  so  that  in  the  complete  mechanism  there  are  four 
links  of  one  length,  two  of  another,  and  two  more  of  a  third  length. 
The  proof  that  P  travels  in  a  straight  line  is  as  follows:  In 
Fig.  127,  Fis  the  centre  of  the  rhombus,  and,  on  account  of  the 
equality  and  symmetry  of  the  links,  the  points  A,  D,  and  P  must 
lie  in  a  straight  line  passing  through  Ffor  any  position  of  the  me- 
chanism; also,  BC  passes  through  F  and.  is  perpendicular  to  AP; 
therefore, 

AB*  =  IF*  +  m? 
and 

BP*  =  PF*  +  BF*> 
from  which 

IB*  -  BP*  =  IF*  -  PF* 

=  (AF  -  PF)(AF  +  PF) 

=  AD  x  AP  =  a  constant, 
for  AB  and  BP  are  both  constants. 

Now,  in  Fig.  128,  if  P  and  D  move  to  the  positions  P'  and  D', 
then,  in  accordance  with  the  above  equation, 

AD  -  AP  =  AD'  '  AP', 
whence 

AD   =  AP' 
ID        AP' 

The  triangles  ADD'  and   AP'  P  must,   therefore,  be  similar. 
But  the  points  A,  D,  and  D'  lie  on   the  circumference  of  a  circle 
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whose  diameter  is  AD'  \  therefore  the  angle  ADD'  is  a  right  angle 
and  the  angle  APP'  must  also  be  a  right  angle.     Since  this  is  true 


FIG.  128. 


FIG.  129. 


for  any  position  of  the  mechanism,  it  must  be  true  for  all  positions. 
Therefore  P  must  move  in  a  straight  line  PP'  perpendicular 
to  AE. 

Fig.  129  is  another  position  of  the  mechanism.  The  same  proof 
applies  to  it. 

103.  Grasshopper  parallel  motion. — When  the  ordinary  slider- 
crank  chain  has  the  connecting-rod  b  and  crank  a,  Fig.  130,  of  equal 


Q 


FIG.  130. 

lengths  between  their  articulations,  a  point  P  on  the  connecting- 
rod  at  a  distance  PR  =  RS  =  RT  from  R  will  move  in  a  straight 
line  perpendicular  to  d\  for  the  instantaneous  centre  of  b  is  at  Q, 
and  QT  =  PS',  therefore  P  moves  perpendicularly  to  d,  and  PS  is 
the  path  of  P. 

An  approximation  of  this  motion  is  obtained  by  making  the  slide 
c  into  a  link,  Fig.  131,  whose  centre  of  oscillation  is  so  placed  that  a 
line  passing  through  it  parallel  to  the  path  of  P  bisects  the  angle 
formed  by  the  extreme  positions  of  c.  Since  T  has  but  a  slight 
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motion   for  a  considerable  stroke  of  P,  the  deviation  of  P  from  & 
straight  line  is  but  slight  when  c  has  a  length  large  in  proportion 


FIG.  131. 

to  the  other  links,  thus  making  the  path  of  T  a  very  flat  arc  of  a 
circle. 

104.  Steam-engine  indicator  motions. — Most  of  the  steam-engine 
indicator  motions  are  modifications  of  the  Grasshopper  straight-line 
motion  described  in  the  preceding  paragraph.  The  mechanism  of 
the  Tabor  Indicator  is  shown  in  Fig.  132.  The  pencil-point  P  is 


FIG.  132. 

guided  in  a  straight  line  by  a  stud  S  which  moves  in  the  cam  curve 
CC.  The  form  of  this  curve  can  be  determined  by  guiding  the 
point  P  along  a  straight  edge,  and  tracing  the  curve  with  a  point 
at  S.  Having  obtained  this  curve,  the  earn  can,  of  course,  be  made 
to  give  the  pencil  a  straight-line  motion.  D  is  the  stationary  point 
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and  E  is  the  articulation  of  the  piston-rod  with  the  driving-link 
which  connects  to  the  pencil-arm  at  A. 

The  proportions  of  the  Tabor  Indicator  as  made  by  the  Ash- 
croft  Manufacturing  Company  are:  * 

PB  =  34";  SA  =  f  ";  AB  =  f ";  GD  =  ft". 
AE  =  1";    JBD  =  1±". 
The  range  of  the  pencil-point  is  3^". 

The  Thompson  Indicator  motion  is  shown  in  Fig.  133.     D  and 
F  are  the  stationary  points,  and  E  is  the  articulation  of  the  piston- 


FIG.  133. 


rod  and  link  AE,  connecting  it  to  the  pencil-arm  at  PB.  The,  pro- 
portions of  the  Thompson  Indicator  as  made  by  Schaffer  &  Buden- 
berg  are  : 


=  3.18";    £.4  =.56";    AB  =  .795";   BD  =  1.17"; 
.##=1.03";  GD  =  .72"',   Gff=l.4tf". 

As  made  by  the  American  Steam  Gauge  Company  the  propor- 
tions are: 


%";        BD  =  1.5"; 
FS  =  «";    GD  =  .78";  &fir=  1.32";  DH=2.I". 

The  Crosby  indicator  is  represented  conventionally  in  Fig.  134. 
The  pencil-point  is  at  P  in  the  rigid  link  PB,  to  which  are  attached 

*  The  dimensions  of  tlie  indicator  movements  given  were  kindly  furnished 
and  revised  by  the  manufacturers  under  whose  names  the  proportions  arc 
written. 
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the  links  BD  and  AE\  D  is  a  stationary  point  on  the  frame  of  the 
instrument,  and  E  is  the  articulation  of  AE  with  the  end  of  the 
piston-rod  G. 

By  taking  the  three  links  PB,  BD,  and  AE  of  the  proper  pro- 
portions, a  point  S  on  AE  will  move  in  an  arc  of  a  circle  when  P 
is  moved  in  a  straight  line  parallel  to  the  motion  of  E.  Therefore, 


FIG.  134. 

in  order  to  construct  the  mechanism  so  that  it  will  guide  P  in  a 
straight  path  as  indicated  by  the  broken  line,  it  is  only  necessary 
to  add  another  link,  SF,  so  that  S  will  move  in  a  circular  arc  about 
the  stationary  point  F  as  a  centre. 

The  proportions  of  the  links  must  also  be  such  that  the  veloci- 
ties of  P  and  E  will  have  a  constant  ratio. 


PROBLEMS. 

1.  Develop  cycloidal  tooth  curves  for  a  spur  gear,  pinion,  and 
rack,  the  pinion  being  in  mesh  with  both  spur  gear  and  rack. 

Diametral  pitch  of  spur  and  pinion   \\ 

Teeth  in  spur  gear 40 

"      "pinion 16 

Take  rolling  circle  half  as  large  as  the  pitch  circle  of  a  15-tooth 
gear. 

Lay  out  a  tooth  curve  on  each  gear  and  the  rack  with  the 
Robinson  odontograph  so  as  to  compare  with  those  found  by  using 
the  describing  circle. 

Indicate  path  of  contact  and  angle  of  action. 

2.  Develop  teeth  for  a  cycloidal  annular  gear  and  pinion,  taking 
the  number  of  teeth  and  rolling  circle  as  in  problem  1. 

Indicate  path  of  contact  and  angle  of  action. 

3.  Same  as  problem  1  except  substituting  involute  for  cycloidal 
teeth.     Angle  of  obliquity  =  15°. 

4.  Same  as  problem  3  except  substituting  involute  for  cycloidal 
teeth.     Angle  of  obliquity  =  15°. 

5.  Develop  the  teeth  for  a  single-thread  worm  and  worm-wheel. 

Diameter  of  worm  outside 4" 

Pitch          "      «     iy 

Number  of  teeth  on  worm-wheel 42 

6.  Lay  out   the   teeth  for  a  double-thread  worm   and  worm- 
wheel,  cut  templates  and   test  for  interference  of   teeth,   finally 
making  worm-wheel  teeth  of  such  a  form  that  none  of  the  flank  is 
cut  away.     The  wheel  may  be  made  with  teeth  longer  above  its 
pitch  circle  than  below  it. 

Diameter  of  worm  outside =    4" 

Pitch  of  worm =    3" 

Number  of  teeth  in  worm-wheel ...  =  12 
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7.  Find  the  proper  form  of  gear  blanks  and  tooth  curves  for  a 
pair  of  bevel  gears  running  on  shafts  intersecting  at  right  angles, 
having — 

Velocity  ratio 3:4 

Pitch  diameter 6"  and  8" 

Diametral  pitch 2-J 

Design  cutters  for  both  gears. 

Draw  two  projections  of  gears,  one  in  half-section  on  a  plane 
parallel  to  both  axes,  the  other  in  full  projection  on  a  plane  perpen- 
dicular to  one  axis. 

8.  Design  a  pair  of  stepped  pulleys  for  a  crossed  belt,  having 
given — 

Speed  of  driver 200  revolutions  per  minute. 

"      "  driven 50, 100,  200,  400, 800  rev.  per  min. 

Distance  between  centres 30" 

Diameter  of  smallest  step 4" 

9.  Plot  diagram  for  determining  cone-pulley  diameters  for  an 
open  belt. 

10.  Same  as  problem  8  except  substituting  an  open  belt  for  the 
crossed  one. 

Determine  step  diameters  both  by  the  diagram  and  the  method 
of  §  81. 

Check  results  by  calculating  the  length  of  belt  by  equa.  (2),  §  80. 

11.  Having  given — 

Distance  between  centres 24" 

The  diameters  2",  5",  8",  12"  of  one  cone  and  one 
diameter,  14"  to  mate  with  the  2"  step  of  the  other, 

find  the  remaining  steps  of  the  second  pulley. 

Use  both  methods  and  check  by  calculating  as  in  problem  10. 

12.  Design  a  cam  to  give  the  follower  a  reciprocating  motion, 
uniformly  accelerated  upward  during  the  first  quarter  of  its  revo- 
lution and  uniformly  retarded  upward  during  the  second  quarter. 
The  return  motion  to  be  the  reverse  of  the  upward.     Axis  of  cam 
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and  path  of  follower  axis  intersecting.     Roller  attached  to  follower 
to  rest  on  face  of  cam.     (See  §  86.) 

Stroke  of  follower 4  inches. 

13.  Design  a  cam  to  give  the  follower  a  uniformly  varied  posi- 
tive motion  similar  to  that  of  problem  12.     Roller  on  end  of  fol- 
lower. 

Stroke  of  follower 6" 

Distance  between  axes  of  cam  and  follower 1" 

14.  Design  a  cam  to  engage  with  the  plane  surface  of  a  follower, 
the  plane  surface  to  move  at  right  angles  to  itself  with  the  same 
motion  and  length  of  stroke  as  in  problem  12.     (See  §  89.) 

15.  Design  a  earn  to  operate   a  flat-face   rocker-arm   through 
an   angle  of  15°.     Rocker-arm  to  remain  stationary  during  one- 
third  of  the  cam's  revolution,  and  to  rise  and  fall  with  uniformly 
varied  motion  during  the  remaining  two-thirds  of  the  revolution. 
(See  §  89.) 

Distance  between  cam  and  rocker  arm  shaft  centre . .  10" 

16.  Design  a  cylindrical  cam  to  give  its  follower  the  same 
motion  as  in  problem  12. 

Axes  of  cam  and  follower  parallel. 

17.  Design  a  cylindrical  cam  to  give  a  rocker-arm  with  attached 
roller  the  same  motion  as  in  problem  15. 

Distance  between  axes 10" 

18.  Design  involute  cam  to  give  a  mill-stamp  6"  drop. 
Distance  between  cam-  and  stamp-shaft  centres. .   5" 

19.  Whitworth  quick-return  shaper  motion. 

Maximum  stroke 8" 

Length  of  connecting-rod 16" 

Time  ratio  for  forward   and  return   motion  on 

maximum  stroke 2:1 

Centre  of  variably  rotating  crank  2|"  above  articula- 
tion of  connecting  rod  and  ram. 
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Construct   velocity   diagrams   of   rarn   for   maximum   and    4" 
strokes.     Scale  of  drawing  =  full  size. 

20.  Crank  and  slotted-arm  quick-return  motion. 

Maximum  stroke 18" 

Length  of  connecting-rod 12" 

Time  ratio  for  forward  and  return  motion  on 
maximum  stroke , 3:2 

Construct  velocity  diagram  for  maximum  and  8"  strokes. 
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Addendum  circle,  43 
Almond's  angular  coupling,  101 
Angle  of  action,  42 

approach,  42 

obliquity,  52 

recess,  42 

Angular  velocities,  19 
Annular  gears,  49 
Arc  of  action,  42 

approach,  42 
recess,  42 
Axode,  6. 

Backlash,  43 
Belt  gearing,  106 
shifter,  112 
Belts,  guidance  of,  106 

length  of,  113 

Belts  for  shafts  not  parallel,  109 
Bevel  gears,  73 

cutting,  77 

Cams,  127 

conical,  141 
cylindrical,  139 
inverse,  127,  142,  146 
involute,  137 
Cains  with  knife-edge,  pin,  or  roller 

follower,  127 
plane-surface       follower, 

132 

for  positive  motion,  131,  135 
Cam  and  follower,  velocity  ratio  of, 

130 
Centre,  instantaneous,  6 

velocity  about,  15 
Centre,  6 

velocity  about,  17 
Centrode,  6 


Centres,  determination  of,  11 
compound  chain,  14 
location  of,  7 
position  of,  8 
simple  chain,  13 
simple  lever-crank  chain,  11 
simple  slider-crank  chain,  12 
Chain,  compound  kinematic,  14 
simple  lever-crank,  11 
slider-crank,  12 
two  sliding  and  two  turning 

pairs,  13 

Circular  pitch,  43 
Compound  kinematic  chain,  14 
Cone  pulleys,  114 

diagram  for,  119,  125 
for  geometrical  series  of 

speeds,  116 
Conical  cams,  141 
Conjugate  gears,  62 
Coupling,  Almond's  angular,  101 
Hooke's,  98 
Oldham's,  105 
Couplings,  98 
Cutters  for  gears,  60 
Cycloidal  annular  gears,  49 

gear  teeth,  laying  out,  52 
rack,  47 

tooth  curves,  39 
Cylindrical  cams,  139 

Diametral  pitch,  43 
Double-curve  gear  teeth,  40 

Elements,  kinematic,  11 

Elliptical  gears,  85 

Engine  velocity  diagrams,  21 

Face  of  gear,  43 
Flank  of  gear,  43 
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Fellow's  gear  shaper,  65 

Gear  cutters,  60 

formation  of,  65 
table  of,  62 

Gear  teeth,  double  curve,  40 
face  of ,  43 
flank  of,  43 
laying  out,  52 
laying    out    by    circular 

arcs,  59 
laying  out  by  rectangular 

co-ordinates,  59 
names  of  parts,  43 
proportions  of,  66 
Walker's   method  of  lay- 
ing out,  59 
Gears,  annular,  49 

backlash  of,  43 
bevel,  73 
cutting  bevel,  78 

conjugate,  62 
helical,  71 
interchangeable,  61 
spur  and  annular,  60 
cycloidal  annular,  49 
elliptical,  85 
for  chain  sprocket,  88 

fixed  law  of  motion,  88 
helical,  71 
idle,  94 

interchangeable  sets,  51 
interference  of,  64 
involute  annular,  50 
non-circular,  85,  93 
path  of  contact,  43 
pin,  40 

pitch-circles  for  spur,  35 
•    screw,  80 
skew  bevel,  80 
spur,  35 
stepped,  71 
tooth  curves  for,  36 
toothed,  35 
trains  of,  93 
twisted,  71 


Grasshopper  parallel  motion,  152 

Helix,  normal,  71 

Hindley  \>orm  and  worm-wheel,  84 

Hob,  82 

"liooke's  coupling,  98 

Idle  gears,  94 
Indicator  motions,  153 
Instantaneous  centre,  6 

radius,  15 

Interchangeable  sets  of  gears,  51 
Interference  of  gears.  64 
Inverse  cams,  138 
Involute  annular  gears,  50 

cam,  133 

gear  teeth,  laying  out,  54 

rack,  48 

tooth  curves,  44 

Kinematic  chain,  9 

elements,  11 

Lathes,  back  gear  .for,  94 
Laying  out  gear  teeth,  52 
Lever-crank  chain,  simple,  11 
Linear  velocities,  15 
Links,  velocity  of  point  in,  18 

Mechanisms,  11 
Motion,  1 

forms  of,  2 

helical,  2 

instantaneous,  5 

plane,  2,  4 

rectilinear,  2 

relative,  2 

resolution  of,  3 

rotary,  2 

spherical,  2 

virtual,  5 

Non-circular  gears,  85 
Normal  helix,  71 
pitch,  71 
Notation,  8,  15 

for  velocity,  15,  19 


INDEX. 


163 


Odoutograph,  Robinson,  57 

Willis,  55 

Oldham's  coupling,  105 
Oscillating  arm  quick-return  motion, 
30,33 

Parallel  motion,  grasshopper,  152 

Watt's,  148 
Parallel  motions,  147 
Parallelogram,  147 
Path  of  contact,  43 
Peaucellier  cell,  150 
Pin  teeth,  40 

gearing,  40 
Pitch,  diametral,  43 
circular,  43 
normal,  71 
Pitch  circles,  35 
cylinder,  36 
point,  36 
Problems,  156 
Pulleys,  cone,  114 

diagram   for   steps  of   cone, 

119,  125 
stepped,  114 

for    geometrical     series     of 
speeds,  116 

Quick-return  motion,  oscillating  arm, 

30 

Whitworth,  27 
velocity        dia- 
gram, 24 

Racks,  47 

cycloidal,  47 

involute,  48 
Radius,  virtual,  15 
Robinson  odontograph,  57 
Root  circle,  43 

Screw  gears,  80 

Simple  slider-crank  chain,  12 

Skew  bevel  gears,  80 

Spur  gears,  35 

Steam-engine  indicator  motions,  153 


Stepped  pulleys,  114 

for  geometrical  series 

of  speeds,  112 
Straight-line  motions,  147 

Table  of  gear-cutters,  62 

Tables  of  proportions  of  gear  teeth,  6C 

Teeth,  double  curve,  40 

Tooth  curves,  86 

conjugate,  37 

cycloidal,  39 

involute,  44 
Toothed  gears,  35 

definitions,  42 
Tooth  parts,  names  of,  43 
Trains  of  gears,  92 

Universal  joint,  98 

Variable  motion  mechanism,  25 
Velocity,  angular,  19 

about  a  centre,  17 

diagrams,  21 

diagram     for     quick-return 

motion,  24,  31 
diagram     for    reciprocating 

parts  of  engine,  21 
diagram  for  variable  motion 

mechanism,  25 
diagram      for      Whitworth 

quick-return  motion,  27 
notation,  15,  19 
of  points  in  different  links, 

18 

relative  linear,  15 
about  a  permanent  centre. 

15 
Virtual  radius,  15 

Watt's  parallel  motion,  148 

Whit  worth's  quick-return  motion,  27 

Whitworth's      quick-return      motion 

problem,  28 
Willis  odontograpb,  55 
Working  depth  circle,  43 
Worm  and  worm- wb eel,  81 

Hindley,  84 
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